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Abstract-This study analyzes the performance at millimeter-wave frequencies of five radiative transfer 

models, i.e. the Eddington second-order approximation with and without G-scaling, the Neumann iterative 

method with and without geometric series approximation, and the Monte Carlo method. Three winter time 

precipitation profiles are employed. The brightness temperatures calculated by the Monte Carlo method, 

which considers all scattering angles, are considered as benchmarks in this study. Brightness temperature 

differences generated by the other models and sources of those differences are examined. In addition, 

computation speeds of the radiative transfer calculations are also compared. 

Results show that the required number of quadrature angles to generate brightness temperatures 

consistent with the Monte Carlo method within 0.5 K varies between 2 and 6. At least 2nd to 15th orders of 

multiple scattering, depending on the significance of scattering, are required for the Neumann iterative 

method to represent accurately the inhomogeneous vertical structure of the scattering and absorbing 

components of precipitating clouds at millimeter-wave frequencies. The G-scaling in the Eddington second-

order approximation improves brightness temperatures significantly at nadir for cloud profiles that contain 

frozen hydrometeors due to the correction for strong scattering while it did not make any difference at 53q

off-nadir. The computational time comparisons show that the Neumann iterative method generates accurate 

brightness temperatures with better computational efficiency than the Monte Carlo method for cloud profiles 

with weak scattering. However, it can consume computational time that is even greater than the Monte Carlo 

method for some millimeter-wave frequencies and cloud profiles with strong scattering. A geometric series 

approximation can improve computational efficiency of the Neumann iterative method for those profiles. 

In view of the ease of introducing scaled parameters into the Eddington second-order approximation, good 

computational time efficiency, and better than within 2 K accuracy when compared with the Monte Carlo 

method, we recommend its use for brightness temperature calculations at millimeter-waves in precipitating 

atmospheres. 

Index terms-Millimeter-wave, Radiative transfer model, the Eddington second-order approximation, the 

Neumann iterative method, the Monte Carlo method, delta-scaling 
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I. INTRODUCTION 

 

Accurate and computationally efficient forward radiative transfer calculations are essential for 

the operational retrieval of atmospheric properties from remotely sensed microwave 

observations. Interest has grown in the retrieval of hydrometeor parameters such as mixing ratio 

and density from radiometers operating at millimeter microwave frequencies that were originally 

selected for temperature and moisture sounding. The Special Sensor Microwave/Temperature-2 

(SSM/T-2) [1] on the Defense Meteorological Satellite Program (DMSP) and the Advanced 

Microwave Sounding Units (AMSU-A and B) [2] on the National Oceanic and Atmospheric 

Administration (NOAA) 15, 16, and 17 satellites provide such measurements. One objective of 

the Global Precipitation Measurement (GPM) mission [3], which is a follow-on, multi-satellite 

extension of the Tropical Rainfall Measuring Mission (TRMM) [4], is to measure precipitation at 

high latitudes where a significant portion of total precipitation is frozen. It is expected that at 

least some of the GPM constellation satellites will have radiometers with millimeter-wave 

channels. 

In order to develop fast inversion algorithms, pregenerated brightness temperatures (Tb) are 

employed as a lookup table. To make a retrieval algorithm applicable to various precipitation 

systems, many atmospheric and hydrometeor profiles are required in a lookup table. This 

requires radiative transfer models that are fast, yet accurate.  

Kummerow [5] examined the ability of the Eddington second-order (E2O) approximation to 

properly capture the angular distribution of the radiation by comparing 8-stream discrete ordinate 

solutions at frequencies between 6.6 GHz and 183 GHz using a simplified three-layer cloud 

model. Smith et al. [6] compared radiative transfer models used in generating databases  for 

satellite rainfall retrieval algorithms at frequencies of the TRMM Microwave Imager (TMI) 

channels (10.7 GHz to 85.5 GHz). These models included the E2O approximation, 16-stream 

discrete ordinate method, and the Monte Carlo (MC) method. They compared the resulting Tbs 

calculated with four different rainfall profiles. The purpose of their study was to ensure that 

differences obtained from retrieval techniques do not originate from the underlying radiative 

transfer code employed for the forward modeling of rain profiles.   

 This study, which addresses the accuracy of various radiative transfer models in precipitating 

clouds, expands the intercomparisons of Smith et al. [6] to higher frequencies (millimeter-

wavelengths) where absorption from dry air and water vapor and scattering from ice particles 

become significant. The performance of five radiative transfer models, the E2O approximations 
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[7], [8] with (DE2O) and without δ-scaling [9], the Neumann iterative (NI) method [10], [11] 

with and without the geometric series (GS) approximation [12] and the MC method [13], are 

compared at frequencies of 89, 118.87, 150, 183.3±1, 183.3±3, 183.3±7, 220, 340 GHz at nadir 

and at 53° off-nadir. Three winter time atmospheric profiles (rain over the ocean surface, rain 

plus snow over the ocean surface, and heavy dry snow over a land surface) with 35 layers are 

displayed for these comparisons. Since these high frequencies are sensitive to ice scattering when 

compared with the TMI channels employed by Smith et al. [6], this study examines the multiple 

scattering effect in radiative transfer calculations. In addition, we seek to identify the differences 

and source of those differences in Tbs that originate in the forward computations. The relative 

comparisons of computational time depending on profile and frequency are also presented. 

 

II. RADIATIVE TRANSFER MODELS 

 

A. Eddington second-order Approximation  

 Representation of microwave radiances from horizontally homogeneous clouds of 

hydrometeors can be calculated analytically by representing angular dependence of the radiances   

and phase functions by a linear polynomial in cosine of the zenith and scattering angles 

respectively ([7], [8]). Many studies ([6], [9], [14]) showed that the E2O approximations [14] 

were reasonably accurate at frequencies less than 85 GHz with little absorption compared to 

other radiative transfer models such as discrete ordinate and the MC methods [13].  

The E2O approximations assume that the scattered radiation reaches a diffusive equilibrium, 

i.e. numerous scattering events have occurred so that the scattering source term is a linear 

function of the cosine of the observing angle and the thermal source term is isotropic. Because of 

its calculation efficiency while keeping reasonable accuracy, the radiative transfer model with 

the E2O approximation has been applied to many passive-microwave remote sensing studies 

using frequencies up to 85 GHz ([6], [15], [16]).  

 

B. Eddington Second-order Approximation with -Scaling  

This DE2O model is identical to the previously cited the E2O approximation except that the 

profiles of asymmetry factor, extinction coefficient and albedo for single scattering are scaled to 

preserve the second moment of the phase function [9]. The forward scattering by hydrometeors 



4

becomes prominent as particle size and frequency increase. The forward scattering peak takes on 

a resemblance to a Dirac δ-function when plotted as a function of the cosine of the scattering 

angle while the remainder of the phase function is expanded as a linear function of the cosine of 

the scattering angle [9].   

 

C. Neumann Iterative Method  

The underlying principles of the Neumann series, or iterative, solution of the radiative transfer 

equation are described in [10] who applied the technique to compute radiances emerging from a 

cloud illuminated by solar radiation. The application of the NI series expansion to microwave 

radiative transfer in cloudy or precipitating atmospheres has been well described by [11]. The NI 

solution is the natural extension of radiative transfer models that describe purely absorbing 

atmospheres in which scattering is considered as a perturbation. Once the unscattered radiance is 

computed, that radiance can be introduced into the source term describing single scattering and 

the process can be repeated to derive successive orders of scattering.  

The NI method sums the successive orders of scattering: 

∑
∞

=

∆=
0i

)i(TbTb (1) 

where )0(Tb∆ is the clear air solution and i represents the order of scattering. 

The NI series of the scattering source function can be easily understood intuitively because 

each order of scattering determines the magnitude of the next higher order of the scattering 

source term. The NI model used in this study was developed by [17]. This model has been 

widely used for temperature, water vapor, and precipitation retrievals ([18], [12]). 

 

D. Neumann Iterative Method with the Geometric Series Approximation  

 This model applies the geometric series (GS) approximation to the NI method [12].  The 

geometric series (page 51 of [19]) 
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There is an additional check on the convergence by requiring that successive Tbs calculated by 

Eqn (4) converge to within 0.1 K. It was shown in [12] that the GS approximation could 

significantly cut the number of scattering orders required to get converged Tbs. 

 

E. Monte Carlo Method 

The MC method is a numerical method for solving mathematical problems by random 

sampling. In radiative transfer calculations, the MC approach consists of simulating the 

trajectories of individual photons using probabilistic methods. In order to get good statistics a 

large number of trajectories must be simulated. Such simulation can yield very accurate results 

[20]. This study uses a backward MC radiative transfer model [13] making use of the reciprocity 

theorem to consider only photons, which ultimately escape the cloud in a specified direction. In 

this model, photons are started at the point external to the cloud, in which the brightness is to be 

computed, with the direction opposite to that in which they would physically emerge from the 

medium. Each photon is then traced backward through the medium following the probabilistic 

interaction laws that are sampled by the selection of numbers from a quasi-random sequence. 

The photon is considered as emitted at the point of absorption with Tb equal to the physical 

temperature of the medium at that point. In this work, the MC Tb values are assumed to be the 

precise calculation and used as a benchmark since the method considers all scattering angles [6].   

 

III. INPUT PARAMETERS 

 

Figure 1 shows three hydrometeor, relative humidity, and air temperature profiles with 35 

vertical layers (Table 1). Each layer has 500 m thickness and about lower 20 layers cover the 
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vertical range of hydrometeors. The profiles were directly derived from the Pennsylvania State 

University–National Center for Atmospheric Research (PSU–NCAR) fifth-generation Mesoscale 

Model (MM5) simulations for the March 5-6, 2002 New England blizzard [21]. Although these 

three profiles cannot represent all possible hydrometeor distributions in various precipitation 

systems, they are useful to generate Tbs for winter time precipitating systems including frozen 

hydrometeors because they represent a purely liquid hydrometeor profile, liquid+frozen 

hydrometeor profile, and frozen hydrometeor profile.   

 

Table 1. Description of three profiles 

 Hydrometeors Surface Type 

Profile I liquid cloud + rain Ocean 

Profile II liquid cloud + rain + snow Ocean 

Profile III liquid cloud + snow Land 

The atmosphere is assumed to be horizontally homogeneous. Fresnel equations are assumed 

for the surface emissivity as recommended by [6] in all five models in this study. Calculated Tbs 

over the ocean surface at 53° off-nadir shown in this study are vertically polarized. The surface 

emissivity over the land surface (profile III) was assumed to be fixed as 0.95, which is based on 

the observed surface emissivity for bare soil shown in [22], for all frequencies and for all angles. 

For simplicity, we neglected the surface emissivity effect from vegetation and snow on the 

ground.  The Rayleigh-Jeans approximation is not valid at millimeter-wave frequencies [23]. 

Therefore, we apply the Planck’s law in Tb calculations. The cosmic background temperature of 

2.73 K is prescribed in the models following [24], [25]. 

For Mie parameter calculations, cloud drop size distributions are assumed to be monodispersed 

with the size of 0.05 mm following [26]. Raindrop size distributions are assumed to have 

Marshall-Palmer distributions. Precipitating ice particles are assumed to be spherical, even 

though it is well known that ice particle shapes are far more variegated. This simplification is 

invoked because it requires much computations time to calculate scattering parameters of non-

spherical particles and it is difficult to determine appropriate shapes of frozen hydrometeors in 

electromagnetic scattering models. 

Although mixed medium mixing theories, such as that of Maxwell-Garnett ([27], [28]) have 
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been used to represent the dielectric constant of snow at low frequencies (< 90 GHz), Sihvola 

[29] called attention to the fact that scattering was determined by the dimensions of the 

inhomogeneities of the hydrometeor when the wave length becomes comparable to those 

dimensions, i.e. at high frequencies. Therefore, we represent randomly oriented snow particle by 

equivalent spheres whose diameters, 
A

V
Dequiv 6= are determined by the ratio of the volume, V, 

to surface area, A, in accord with the findings of Grenfell and Warren [30]. The equivalent 

sphere size distribution was assumed to be a Gamma distribution function  
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where <Dequiv> is one fifth of the mass-weighted mean diameter [31] of equivalent spheres. 

The <Dequiv> is assumed to be 0.03 mm, which yields attenuation that is consistent with 

attenuation observations of Nemarich et al. [32] as shown in [20]. The coefficient N0 is adjusted 

to preserve the mass density.  

Figure 2 shows extinction coefficients, single scattering albedos, and asymmetry factors that 

are used as inputs for all model calculations.  Single scattering albedo values for all three profiles 

show that scattering from rain contributes more to the total single scattering albedo at 89 GHz 

while scattering from ice contributes more to the total single scattering albedo at frequencies 

higher than 150 GHz.  Due to the absorption by water vapor, 183.3±1 GHz shows the largest 

extinction coefficient for all three profiles.  Especially, the extinction coefficient values at 

183.3±1 GHz for profile I and II are larger than the snow only profile III by a factor of two due 

to strong absorption by liquid hydrometeors. Large raindrop sizes have large size parameters up 

to 35 at 340 GHz and 10 at 89 GHz and cause large asymmetry factors for profiles I and II near 

the surface. 

Figure 3 presents atmospheric temperature weighting profiles for three profiles shown in 

Figure 1. Temperature weighting profiles [11] can be represented by the sum of contributions to 

Tbs from each layer of the atmosphere (Wa), the cosmic background (WCB), and the surface 

(Wsfc). 

 CBCBsfcsfc

I

i
ia WTWTziWiTdzzWzTTb ++∆== ∫ ∑

∞

=0 1

)()()()( (6) 

where T(i) and Wa(i) denote the temperature and weighting vector value for level i of the cloud 

profile that consists of I levels, and zi is the height increment between level i and level i-1. 
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Wa(i) includes the contributions from the dry air, water vapor, and  hydrometeors. 

The atmospheric weighting function peak for the 183.3±1 GHz channel exists at a higher 

altitude than all other frequencies and is above 7 km altitude for all of these three profiles (See 

Fig.3). For profile I which does not have frozen hydrometeors, the 183.3±7 GHz and 340 GHz 

weighting functions are almost the same at all heights while the weighting function peak of the 

340 GHz channel exists at a higher altitude in profile II and profile III because of the sensitivity 

of the 340 GHz channel to scattering from frozen particles. Generally, these atmospheric 

weighting function peak at high altitudes for all of three profiles employed in this study showing 

that most of the contribution from atmospheric gases, water vapor, and hydrometeors to 

millimeter-wave frequency Tbs are not from near the surface.  

Since there is a difference of transmissivity between channels, the surface contribution to the 

Tb measured by a satellite is different for each frequency. At nadir, the weighting vector 

contributions from ground surface (WSFC) and cosmic background (WCB) are shown in Table 2. 

The contribution of the surface effect is most significant at 89 GHz (see the normalized values 

inside parentheses in Table 2) especially in profile III that shows scattering from falling snow 

and little emission from rain. The 150 GHz channel is also slightly affected by the ground 

surface in profile III. The contribution of the surface effect is negligible for other frequencies. 

The contribution of the cosmic background effect is significant at 220 and 340 GHz for profile II 

and III which has frozen hydrometeors up to 10 km. 

 

Table 2. Weighting vectors contributed by the cosmic background and the ground surface at 

nadir for three profiles shown in Figure 1. Values inside parentheses were normalized to the 89 

GHz value in each column. 

profile I profile II profile III 

Freq. (GHz) WCB WSFC WCB WSFC WCB WSFC 

89 1.4 E-2 6.5E-2 1.1E1-2 1.1E-3 7.3E-2 3.1E-1 

118.87 
8.3E-9 

(5.9E-7) 

2.4E-5 

(3.7E-4)

2.8E-7 

(2.5E-5) 

9.7E-8 

(8.8E-5) 

3.8E-7 

(5.2E-6) 

1.3E-4 

(4.2E-4) 

150 
4.5E-3 

(3.2E-1) 

1.8E-2 

(2.7E-1)

4.2E-2 

(3.8E+0)

9.0E-5 

(8.2E-2) 

6.2E-2 

(8.5E-1) 

1.3E-1 

(4.2E-1) 

183.3±1
8.3 E-4 

(5.9E-2) 

3.1E-18 

(4.7E-17) 

3.7E-3 

(3.3E-1) 

6.2E-21  

(5.6E-18) 

1.7E-2 

(2.3E-1) 

8.5E-10 

(2.7E-9) 
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183.3±3
9.0E-6 

(6.4E-4) 

8.2E-18 

(1.3E-16) 

 1.6E-2 

(1.4E+0)

2.0E-13 

(1.8E-10) 

3.7E-2 

(3.4E-1) 

1.0E-5 

(3.2E-5) 

183.3±7
2.1E-4 

(1.5E-2) 

6.9E-10 

(1.1E-8)

4.6E-2 

 (4.2E+0) 

8.3E-8 

(7.5E-5) 

6.8E-2 

(9.3E-1) 

3.9E-3 

(1.2E-2) 

220 
1.4 E-3 

(1.0E-1) 

1.2E-4 

(1.8E-3)

9.8E-2 

(8.9E+0)

3.8E-4 

(3.5E-1) 

1.3E-1 

 (1.8E+0) 

1.9E-2 

(6.1E-2) 

340 
5.1E-3 

(3.6E-1) 

4.7E-6 

(7.2E-5)

1.5E-1 

(1.4E+1)

7.9E-10 

(7.2E-7) 

2.2E-1 

(3.0E+0)

6.9E-5 

(2.2E-4) 

IV. RESULTS 

 

A. Convergence of the Neumann Iterative Method Calculated Tbs 

Brightness temperatures generated by the NI method should converge to more accurate values 

as the number of Gauss quadrature angles increases [11]. We calculated Tbs from the NI method 

using different numbers of quadrature angles. We assumed that Tbs were converged if calculated 

Tb differences between the 2n quadrature angles and the 2(n+1) quadrature angles were less than 

0.5 K and chose 2n quadrature angles as the best number of quadrature angles for a given profile 

and a viewing angle. The criterion of 0.5 K was chosen considering the calibration accuracy 

between 0.5 K and 1.0 K of radiometers such as the AMSU-B [33] and the millimeter-wave 

imaging radiometer (MIR) with millimeter-wave frequency channels [34]. Table 3 summarizes 

the minimum number of quadrature angles required to get a converged Tb at nadir for each 

frequency and for a given profile. 

 

Table 3. Minimum number of quadrature angles required for the iterative method to generate 

a converged Tb at nadir (at 53° off-nadir) for a given frequency for each profile. 

Freq. (GHz) profile I profile II profile III 

89 4 (4) 2 (2) 4 (4) 

118.87 2 (2) 2 (2) 2 (2) 

150 2 (2) 6 (6) 4 (4) 

183.3±1 2 (2) 2 (2)  2 (2) 
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183.3±3 2 (2) 2 (2) 4 (4) 

183.3±7 2 (2) 4 (4) 6 (6) 

220 2 (2)  6 (8) 4 (6) 

340 2 (2) 6 (8) 6 (6) 

For profile I, the NI method needed 4 quadrature angles for 89 GHz channel and 2 quadrature 

angles for the other channels to generate converged Tbs both at nadir and at 53° off-nadir. This 

can be explained by the fact that 89 GHz channel for the profile I has relatively large surface 

effect as shown by the surface weighting function in Table 2 so that more quadrature angles are 

necessary to represent the diffuse radiation from the surface. 

 For profile II, the NI method generated converged Tbs when the number of quadrature angle 

was at least 4 for 183.3±7 GHz channel and 6 for 150 GHz, 220 GHz and 340 GHz channels at 

nadir. The Tb value changes between 2 quadrature angles and 4 quadrature angles are significant 

at high frequency window channels such as 220 GHz and 340 GHz due to the strong sensitivity 

to scattering. For example, 220 GHz and 340 GHz Tb increments at nadir for profile II between 

2 quadrature angles and 4 quadrature angles are 2.1 K and 4.7 K, respectively. The 183.3±1 GHz 

and 118.87 GHz channels show little Tb increment between 2 and 4 quadrature angles due to 

strong absorption by water vapor and oxygen.  

For profile III, the NI method needed to have 4 quadrature angles for 150 GHz, 183.3±3 GHz 

and 220 GHZ channels and 6 quadrature angles for 183.3±7 GHz and 340 GHz channels to 

generate converged Tbs at nadir. The 220 GHz and 340 GHz Tb increments are significant and 

suggest that enough number of quadrature angles is necessary to represent the strong scattering 

in various scattering angles.   

Figure 4 shows the relationship between the Tb values and the number of iterations (N) until 

the difference between Tb (N+1) and Tb (N) calculated with 6 quadrature angles is less than 0.1 

K. The Tb increases significantly with the number of iterations especially at 89 GHz, 150 GHz, 

and 220 GHz for the profile I which has weak scattering while Tb changes are more prominent at 

220 GHz and 340 GHz for profile II and profile III which have strong scattering by snow. This 

shows that the high order of multiple scattering significantly contributes to the calculated Tbs at 

millimeter-frequencies for precipitating clouds with frozen hydrometeors.  
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B.Brightness Temperature (Tb) Comparisons 

The MC method is assumed to provide the most accurate Tbs in this study and considered as 

the benchmark since it considers all scattering angles [6]. The number of photons counted in the 

MC method should be sufficient to generate accurate Tbs. This study allowed the number of 

photons to be 1000 for all three profiles because increasing the number of photons did not 

change calculated Tbs at any frequency showing converged solution within 0.5 K. Figures 5, 6, 

and 7 show the perturbation of Tbs calculated with the NI method with and without the GS 

approximation, and the E2O approximation with and without δ-scaling with respect to Tbs 

calculated with the MC method at nadir and at 53° off-nadir. 

For profile I that causes weak scattering and strong absorption, all radiative transfer models 

show close Tbs (within 2 K of the MC method). The NI method generated values are within ± 1

K of the MC generated Tb at all frequencies. The GS approximation changed the NI method 

calculated Tbs by less than ± 0.3 K. The δ-scaling in the E2O approximation did not affect Tb 

values for the light rainfall profile since scattering is weak.  

For profile II which includes rain and ice hydrometeors causing strong absorption and strong 

scattering at the same time, Tbs generated by the NI method are within 1.5 K of the MC 

generated Tbs at all frequencies. Brightness temperatures calculated by the E2O approximation 

are within 1.5 K of the MC method calculated Tbs at frequencies less than 220 GHz while the 

340 GHz Tb differences go up to 3.2 K at nadir. The δ-scaling in the E2O approximation 

improved Tbs significantly at nadir for profile II due to the correction for strong scattering. The 

E2O approximation generated 340 GHz Tbs within 1.5 K of the MC method at 53° off-nadir and 

the δ-scaling did not make any difference. This is because the E2O approximations assume that 

the scattered radiation reaches a diffusive equilibrium, i.e. numerous scattering events have 

occurred so that the radiances only depend linearly on the cosine of the scattering angle. 

Therefore, it can represent the radiance well at 53� as long as there are many scattering events 

before radiation escapes from a precipitating cloud since the solid angle weighted mean of the 

cosine function between 0� and 90� is close to cosine function value at 53�. 

For profile III that causes strong scattering without much absorption from rain, the NI method 

generated Tbs are close to the MC method generated Tbs and differences are less than 2 K for all 

frequencies. Similarly to profile II, Tbs calculated by the E2O at 340 GHz Tb differences go up 

to 3.2 K at nadir. These differences are significantly reduced by applying δ-scaling in the DE2O 

approximation especially at nadir. The E2O approximation works better at 53° off-nadir than at 
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nadir. Brightness temperature differences between the E2O approximation and the MC method 

are less than 1.5 K at 53° off-nadir regardless of the δ-scaling.   

 

C. Computational Efficiency 

Relative comparisons of computation time among different models and different atmospheric 

profiles are presented in this section. Each profile shown in Figure 1 was employed 10 times 

repetitively for one calculation. The computational efficiency was compared by checking the 

central processing unit (CPU) time for each frequency. All computational time was checked in a 

Silicon Graphics Inc (SGI) machine with a single 195 MHz IP30 processor, the IRIX 6.5.17 

operating system, and 640 Mbytes memory. The MC, E2O, and DE2O codes were compiled in 

the Fortran 77. The NI code we used in this study was originally written in Pascal and later 

converted to and compiled as the C language by a converting program. This may make an impact 

on the computational time comparisons for the NI code since there is no optimization in the 

conversion process. Because of the ever-changing advancements in computational power and 

due to the difficulties in being able to quantitatively compare CPU times for codes written by 

different programmers with different optimization practices and language compilers, the CPU 

comparisons reported herein are provided in terms of ratios between algorithms. While we 

expect these CPU ratios to be qualitatively accurate, it is possible that improvements in the 

radiative transfer code might change the times slightly. 

Solutions from the E2O and DE2O approximations are analytically calculated so their CPU 

times are not affected by the employed Mie parameter profiles and frequencies. However, the 

computational time of the NI method significantly depends on the profile and the frequency 

because the required number of quadrature angles and the order of multiple scattering considered 

in the calculations are determined by an input Mie profile and a frequency. According to Eqn 

(3.68) in [9], the complexity of the NI method computation increases as  

 

(No. of iterations) × (No. of angles)2 × (No. of levels)3. (6) 

 

In Eqn.(6), the computational time increases with square of the number of quadrature angles 

because inward radiation counted for each scattering angle is considered to be coming from all 

possible quadrature angles in phase function calculations. Based on this equation, we may get 

more efficient computational time of the NI method by keeping the number of quadrature angles 
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as small as possible and increasing the number of iterations if either way can generate Tbs with 

the same accuracy (0.5 K in this study). Computational time was tested with various sets of the 

number of quadrature angles and the number of iterations in this study. The results suggested that 

decreasing the number of quadrature angles while increasing the number of iterations did not 

reduce the computational time compared with the calculations keeping the selected number of 

quadrature angles (Table 3).  

Table 4 compares the computational time of the E2O and DE2O approximations, the NI method 

with and without the GS approximation and the MC method.  The number of angles and number 

of iterations that consumed the shortest computational time are chosen for the NI method in this 

comparison (Table 4). Inserting -scaling in the E2O approximation did not make a significant 

difference so we did not separate them in the comparisons.   

Results show that the E2O approximation was 100 times faster than the MC method at all 

frequencies except 118.87 GHz, 183.3±1 GHz, and 183.3±3 GHz where the E2O approximation 

was 15 times faster than the MC method. Different time ratios at 118.87 GHz, 183.3±1 GHz, and 

183.3±3 GHz frequencies are caused by the smaller TMC at these channels due to strong 

absorption (Table 4). TEddington, TIterative, TGSA, and TMC are the CPU times of the E2O 

approximation, the NI method, the NI method with GS approximation, and the MC method, 

respectively. 

For profile I which has weak scattering and strong absorption by rain, TIterative is smaller than TMC 

by 2 - 4 times at all frequencies except 89 GHz and 118.87 GHz where all the models get the 

converged Tbs in a short computational time. The GS approximation does not improve the 

computational efficiency of the NI method for profile I since the NI method does not need many 

iterations for scattering. For profile II and profile III which have the scattering from snow, 

TIterative is smaller than TMC by 1.5 times at 183.3±1 GHz and 183.3±3 GHz frequencies while 

TIterative is greater than TMC by 2-15 times at other frequencies due to the increased scattering 

effect at high frequency window channels. The GS approximation improves the computational 

time efficiency of the NI method significantly at these high frequencies such that they take only 

slightly longer than the MC calculations. 

 

Table 4. Comparisons of the Monte Carlo computational time versus the Eddington second-

order approximation and the iterative method for each profile. The computational time was 

measured in the central processing unit (CPU).  All the computational times are relative 
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comparisons. 

 

V. CONCLUSIONS 

 

The E2O and DE2O approximations, the NI method with and without the GS approximation, 

and the MC method to calculate Tbs are compared in terms of the accuracy and the 

computational efficiency at millimeter-wave frequencies between 89 GHz and 340 GHz.  The 

Tbs calculated by the MC method, which considers all scattering angles, are considered as 

benchmarks in this study. Three atmospheric profiles (rain over the ocean surface, rain plus snow 

over the ocean surface, and heavy dry snow over a land surface) with 35 layers are employed for 

these comparisons. 

• Brightness temperatures generated by the NI method are within 1 K- 2K of the MC 

method generated Tbs for all frequencies and for all three profiles. 

• The appropriate number of quadrature angles varies between 2 and 6 and at least 2nd to 

15th orders of multiple scattering, depending on the significance of scattering, are 

required for the NI method to represent accurately Tbs from inhomogeneous vertical 

structure of the scattering and absorbing components of precipitating clouds. 

• An insufficient number of quadrature angles in the NI method can cause Tb biases up to 

12 K at millimeter-wave frequencies for hydrometeor profiles with heavy snow. 

profile I profile II profile III 

Freq. 

(GHz) MC

Eddington

T

T
)(

MC

GSA

MC

Iterative

T

T

T

T

MC

Eddington

T

T
)(

MC

GSA

MC

Iterative

T

T

T

T

MC

Eddington

T

T
)(

MC

GSA

MC

Iterative

T

T

T

T

89     0.01   1.24 (1.05)   0.01   0.78 (1.19)   0.01   1.17 (1.44) 

118.87     0.06   1.40 (1.40)   0.06   2.08 (1.39)   0.06   1.54 (1.55) 

150     0.01   0.39 (0.33)   0.01   4.74 (0.34)   0.01   2.15 (1.56) 

183.3±1 0.02   0.29 (0.29)   0.02   0.60 (0.32)   0.02   0.65 (2.32) 

183.3±3 0.02   0.27 (0.89)   0.02   1.8 (0.91)   0.01   2.00 (2.59) 

183.3±7 0.01   0.30 (1.05)   0.01   2.48 (0.30)   0.01   7.50 (3.56) 

220    0.01   0.34 (0.35)   0.01   8.71 (0.32)   0.01   13.30 (2.35) 

340    0.01   0.31 (0.31)   0.01   15.91 (0.24)   0.01 10.85 (1.84) 
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• Brightness temperatures calculated by the E2O approximation are within 1 K – 2K of the 

MC method generated Tbs for all frequencies and for all three profiles at 53° off-nadir. 

However, the results show that Tb differences between the E2O approximation and the 

MC method is greater than 3 K for a profile including heavy snow at 340 GHz. Three 

profiles chosen in this study cannot cover all possible variability such as snow size 

distributions and the E2O Tb bias can be more significant than 3 K for heavy snow 

profiles with larger snow crystal sizes. 

• The DE2O approximation improved Tbs significantly at nadir for cloud profiles 

including frozen hydrometeors due to the correction for strong scattering while it did not 

make any difference at 53° off-nadir. 

• The computation time comparisons (Table 4) show that the NI method can consume 

computer time that is even greater than the MC method at millimeter-wave frequencies 

for profiles with strong scattering caused by frozen hydrometeors. However, the 

computational time of the NI method for these profiles can be improved significantly by 

using the GS approximation. 

Despite the fact that the iterative Tbs are generally closer in value to the MC Tbs in Figures 7, 

8, and 9, the iterative accuracy advantage requires significant preprocessing in order to determine 

the required number of quadrature angles. If the number of quadrature angles is selected at a high 

number to avoid preprocessing, the computational time suffers. The MC method is also 

computationally inefficient with respect to the E2O model. In view of the ease of introducing 

scaled parameters into the E2O approximation with δ-scaling, good computational time 

efficiency, and better than 2 K accuracy, we recommend its use for millimeter-wave radiative 

transfer calculations in winter time precipitating atmosphere.  
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Fig.1 Hydrometeor, relative humidity, and temperature profiles for (a) profile I, (b) profile II, 

and (c) profile III. 
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Fig. 2 Mie parameters for (a) profile I, (b) profile II, and (c) profile III shown in Fig.1 
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Fig. 3 Atmospheric weighting function (Wa) profiles represented in Eq.(3) for (a) profile I, (b) 

profile II, and (c) profile III shown in Fig.1 
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Fig. 6 Same as Fig.5 except with profile II. 
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Fig. 7 Same as Fig.5 except with profile III. 
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