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ABSTRACT

A perturbation analysis is carried out to quantify the eigenvector errors due to the mixing with other
eigenvectors that occur when empirical orthogonal functions (EOFs) are computed for a finite-size data
sample. Explicit forms are provided for the second-order eigenvalue error and first-order eigenvector error.
The eigenvector sampling error depends monotonically on the ratio of the lower to the higher eigenvalues
that mix. The relationship to the eigenvalue separation criterion of North et al. is discussed.

The eigenvector error formula is applied to quantify sampling errors for the leading EOF of the Northern
Hemisphere wintertime geopotential height at various pressure levels, and it is found that the smallest
sampling error in the troposphere occurs for the sea level pressure EOF. The errors in the 500-hPa height
EOFs are almost twice as large.

1. Introduction

It is known that the eigenvalues and empirical or-
thogonal functions (EOFs) for a finite sample are only
estimates of the “true” eigenvalues and eigenvectors
that would be perfectly recovered from an infinite size
dataset.

North et al. (1982) derived an explicit form for the
first-order errors in the eigenvalues �i of the covariance
matrix for a sample of T independent realizations in
time. The resulting formula,

��i � 21�2��i, �1�

where � � T�1/2, has been extensively used to estimate
the sampling variability. Eigenvalues with overlapping
errors can be regarded as “effective multiplets”; one
should avoid truncating an EOF decomposition within
such a range. North et al. (1982) do not provide an
explicit estimate for the error associated with eigenvec-
tors; their Eq. (23) also relies on a hypothetical form of
the sample covariance matrix.

Several other papers in meteorology have dealt with

the sampling variability issue. The statistical properties
of estimated eigenvalues and eigenvectors for small
samples have been studied (Storch and Hannoschöck
1985), and bounds for sampling variability errors have
been proposed (Kim 1996). The same issue has been
widely studied in the statistical literature, as discussed
in chapter 4 of Jackson (1991), starting with Girshick
(1939), who derived the form of asymptotic errors in
eigenvectors, but it has not been sufficiently exploited
in climate statistics studies.

It is important for a number of geophysical applica-
tions to be able to quantify uncertainties not only in the
eigenvalues, but also in the eigenvectors. Examples in-
clude assessing whether a pattern that resembles the
leading EOF should be interpreted as a realization of
that EOF or as a distinctly different pattern (Quadrelli
and Wallace 2004), and determining whether the lead-
ing EOFs derived from two different datasets (either
observations or model output) are distinctly different
from one another.

Here we quantify the uncertainties in EOFs esti-
mated from a finite data sample. We propose a general
formula that complements the formula for the degree
of separation between eigenvalues given in North et al.
(1982) and enables a more thorough analysis on eigen-
vector errors.

This note is comprised of five parts. In the next sec-
tion we derive an analytical expression for the errors
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(to first order for eigenvectors and second order for
eigenvalues) in sample EOF estimates. In section 3
mixing errors in the leading EOF are analyzed for a
hypothetical dataset with a prescribed eigenvalue spec-
trum. In section 4 the results are applied to the ob-
served Northern Hemisphere geopotential height field.
Sampling errors for the leading EOF at several height
levels are compared, and it is deduced that mode mix-
ing is smaller at the earth’s surface than in the midtro-
posphere. Conclusions are given in section 5.

2. Eigenvalue and eigenvector sampling errors

The magnitude of the sampling error associated with
a single eigenvector depends on how much it tends to
mix with each of the other eigenvectors of the sample.
Any eigenvector ê of a finite size dataset is generally
located at an angle � from the direction of the true
corresponding eigenvector e, and the sampling error e	
can be expressed as a linear combination of all the
other true eigenvectors ei. In this paper we will find that
if the eigenvalues are well separated, the typical size of
� will be O(
), and, to first order in 
, e	 is orthogonal
to e.

We consider the case of a dataset with T independent
realizations in time over N grid points, where the grid
spacing is dense enough that spatial sampling errors are
not important. In general the number of resulting EOFs
is N* � min(T � 1, N).

The mathematical formulation of the sampling prob-
lem is based on appendix A of Bretherton et al. (1999),
part b. Here we follow their approach of working in the
basis of the true eigenvectors, which are obtained from
the true covariance matrix C. If E is the orthogonal
matrix whose columns are the normalized eigenvectors,
and � is the diagonal matrix of the eigenvalues �i, then

� � ETCE. �2�

With only T independent realizations in time, none
of the elements of �, E, and C are known precisely. The
corresponding variables obtained directly from the fi-
nite data sample will be denoted by (ˆ).

Applying the transformation of (2) to Ĉ (instead of
C), we obtain a new matrix, L̂:

L̂ � ETĈE.

The eigenvectors of L̂ correspond to the eigenvectors
of Ĉ, but they are expressed in the basis of the true

eigenvectors ei. In fact the eigenvalue equations for L̂
and Ĉ are related by the fact that if

L̂ê � �̂ê, �3�

then Ĉŷ � �̂ŷ, with ŷ � Eê, and | | ŷi � ŷj| | � | | êi � êj| |
from the properties of the orthogonal matrix E.

Therefore the sampling problem for the eigenvectors
of Ĉ can be solved by working in the basis of the ei and
defining the errors as departures of the eigenvectors êi

of L̂ from the corresponding true eigenvectors ei. Since
L̂ is symmetric and positive definite, it has real, or-
thonormal eigenvectors. It can be interpreted as a per-
turbed form L̂ � (� � 
P) of the diagonal matrix �.
Bretherton et al. (1999) showed that for a large number
of independent samples (T), the elements of P can be
expressed in terms of T, the true eigenvalues �i, and
uncorrelated unit normal random perturbations (wij):

Pij � � 21�2�iwii j � i

�i
1�2�j

1�2wij j � i
, �4�

where

� � T�1�2 � 1. �5�

For an infinite sample length, L̂→� (and no mode mix-
ing occurs).

The eigenvalues �̂i and eigenvectors êi of (3) can be
expressed as perturbation series:

�̂i � �i � �i1� � �i2�2 . . . , �6�

êi � ei � �êi1 � �2êi2 . . . . �7�

The solution of this perturbation problem (i.e., the
terms kij and êij) can be found in the statistics literature.
Wilkinson (1965) showed that the first-order perturba-
tion to the ith eigenvector is a sum of independent per-
turbations deriving from the mixing occurring between
that eigenvector and each of the other N � 1 eigenvec-
tors:

êi1 � �
j�i

Pijej

��i � �j�
. �8�

Recalling the expression (4) for Pij, this implies that
the perturbed eigenvectors have the form

êi � ei � �
j�i

�ijej � O��2�, �9�

where

�ij � �*ijwij , �10�

�*ij � �
	ij

1
2

�1 � 	ij�
, �11�

	ij �
�j

�i
. �12�
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The absolute value of �*ij corresponds to the standard
deviation of �ij because the wij are unit random pertur-
bations. Note that the perturbation theory is valid only
if |�*ij | � 1.

Wilkinson also showed that, to second order in 
,

�̂i � �i�1 � �2�wii� � �2�
j�i

�j

�1 � 	ij�
wij

2. �13�

To first order, (13) is consistent with the criterion of
North et al. (1982) referred to here in (1). In that same
paper, it is noted that the first-order perturbation for a
given eigenvalue is independent of its spacing with re-
spect to other eigenvalues. In contrast, it is clear from
(11) that the first-order eigenvector perturbation is
strongly dependent on the ratio of the mixing eigenval-
ues.

Also, while the first-order shift of the eigenvalues has
random sign, the second-order bias is positive or nega-
tive depending on the relative ranking of the two eigen-
values that mix. Consistent with previous observations
of Storch and Hannoschöck (1985), the largest eigen-
values tend to be overestimated and the smallest ones
underestimated.

The two key factors that determine the typical mixing
between pairs of eigenvectors i, j are thus as follows:

• the ratio �ij between the corresponding eigenvalues
(the closer the ratio to 1, the larger the error), and

• the number T of independent realizations in time.

For geophysical data, the number of independent real-
izations in time T is generally smaller than the actual
sample size, because of serial time dependence. There-
fore, an estimate of the effective number of degrees of
freedom T* should be computed from the sample (as
done in the example of section 4).

Figure 1 shows the dependence of the individual er-
ror contribution �*ij (representing mixing of eigenvec-
tors i and j only) upon the eigenvalue ratio �ij � �j /�i

and the sample size T. Within the range represented
(for small values of �ij), the perturbation theory is valid,
and arctan (�ij) � �ij; thus, �ij represents the angular
error in the plane i, j, and �*ij is its standard deviation.
Only ratios �ij smaller than 1 (i.e., mixing with eigen-
vectors of lower order) are plotted, since the absolute
value of �*ij is the same for a ratio �ij and for its recip-
rocal. This is because the mixing between eigenvectors
i and j contributes equally to errors in êi (for which
�ij � �j/�i) and êj.

The total error is a sum of contributions from each
direction; an estimate of the overall accuracy in the
computation of an eigenvector ei is the expected spatial
correlation coefficient between a random sample real-

ization êi and ei: r � E[êi · ei], where E denotes an
expected value. Note that êi is given by (9) to O(
), but
for this calculation it must be normalized back to a unit
vector [an O(
2) correction]. Hence, to first order,

r � E�
ei � �

j�i

�ijej

�1 � �
j�i

�ij
2�1�2

· ei� �14�

� E� 1

�1 � �
j�i

�ij
2�1�2� �15�

� E�1 � 0.5�
j�i

�ij
2� �16�

� 1 � 0.5�
j�i

�*ij
2. �17�

The third step above follows since the �*ij are assumed
small for large T, or else the perturbation theory is not
accurate. The last step follows since E(�2

ij) � �*ij .
We now show that if the North et al. eigenvalue sepa-

ration criterion is satisfied for the leading eigenvalue �1,
then the sample EOF1 is expected to be well correlated
with the true EOF1. For the leading eigenvector, the
North et al. (1982) separation criterion is satisfied when

�1 � �2 
 ��1 � ��2 � ��1 � �2��2�, �18�

or, since 
 � 1,

	12 �
�2

�1
� 	c � 1 � 2�2�. �19�

If the remaining eigenvalues are well separated from �1,
they will contribute only O(
2) to the correlation r. Ne-
glecting these contributions to (17),

FIG. 1. Standard deviation of the error angle �ij (°) due to
mixing between eigenvectors i and j, vs ratio �ij � �j/�i, as in (11),
for 10, 20, 40, 100, 250, 1000, and 5000 independent realizations in
time (T ), as indicated.
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r � 1 � 0.5�*12
2 �20�

� 1 � 0.5�2
	12

�1 � 	12�2 �21�

� 1 � 0.5�2
	c

�1 � 	c�
2 � 1 �

1
16

�
�2

8
� � 0.9375.

�22�

The formula given in (22) can be trivially generalized to
eigenvectors of any order. Also, from (17) it is clear
that EOFs of order higher than 1 tend to be subject to
greater uncertainty than the leading EOF, even if their
eigenvalues are just as well separated from their nearest
neighbors as �1 is separated from �2. This is because of
the cumulative effects of mixing with other nearby
EOFs of both higher and lower order.

3. Mixing error in the leading EOF: An example

In this section we estimate the sample size needed in
order to obtain acceptably small errors in the compu-
tation of the leading EOF. We consider a hypothetical
multivariate random process whose true covariance
matrix has N eigenvalues, chosen as follows. It is as-
sumed that �12 � �2/�1 can take any possible value 0 �
�12 � 1, that the eigenvalues from the third onward
decrease exponentially with a constant ratio � � �j�1/�j,
and that the N eigenvalues sum to 1. This uniquely
defines all the eigenvalues as follows:

��1 � �1 � 	12

1 � 	N�1

1 � 	
�

�2 � 	12�1

�n � 	n�2�2, 3 
 n � N.

�1

�23�

This eigenvalue spectrum idealizes the real examples to
be shown in section 4.

The sample size (T) needed to obtain a desired ex-
pected correlation coefficient for the sample EOF1,
and the true EOF1 can be estimated from (17) for any
combination of �1 and �12. In Fig. 2, results are shown
for a hypothetical dataset with N � 100 eigenvalues and
a threshold correlation coefficient of 0.975. The bound-
aries of the region reflect the fact that, for a given �1,
the possible range of �12 is constrained by the definition
of the model.1 For sufficiently large values of �1 (i.e.,

 0.6), for which �1 is necessarily well separated from

all other eigenvalues, mixing errors are small even for
relatively small samples (T 
 100). However, very large
samples (T � 500) are needed to accurately estimate
the first EOF when �2 is more than 80% of �1 (�12 �
0.8). In this case, �12 largely controls the necessary
sample size T, except for very small values of �1.

4. Sampling errors in geopotential height EOFs

Here we will use the results of section 2 to estimate
the size of the sampling errors in the leading EOF of
the Northern Hemisphere winter geopotential height
field, at various levels. The dataset used is the National
Centers for Environmental Prediction–National Cen-
ters for Atmospheric Research (NCEP–NCAR) re-
analysis (Kalnay et al. 1996), obtained from the Na-
tional Oceanic and Atmospheric Administration
(NOAA) Climate Diagnostic Center (CDC). The data
are gridded on a 2.5° latitude � 2.5° longitude mesh.
The fields used are sea level pressure (SLP) and 850-,
500-, 250-, 200-, 100-, 50-, 30-, and 10-hPa geopotential
height. At each level, principal component analysis
(PCA) is performed on the covariance matrix of
monthly December–March (DJFM) anomalies for the
period of record, 1958–99. The anomalies are area
weighted by the square root of the cosine of latitude,
and only the region north of 20°N is included in the
analysis.

1 For a given �1, the lowest possible �12 occurs when � � 1.
Then, from (23), �12 � (1 � �1)/[�1(N � 1)]. Also, from �1 � �2


 1 and �2 
 �1, it follows that the upper limit for �12 is min (1,
1 � �1/�1).

FIG. 2. Number of independent realizations in time (T ) needed
to expect a correlation coefficient of 0.975 between estimated and
true leading EOF as a function of the values of �1 and �12 � �2/�1.
Total number of eigenvalues: N � 100. The symbols (star and
circle) indicate values of �1 and �12 corresponding to observations
of SLP and 500 hPa, respectively (see section 4). See text for
further explanation.
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The sample size T is 168 months, but an effective
sample size T* for each level is computed by correcting
T for the area-weighted lag-1 autocorrelation �r�, ac-
cording to the second-order formula given in Brether-
ton et al. (1999):

T* � T
�1 � �r�2�

�1 � �r�2�
, �24�

with typical values of �r�2 of � 0.06 [T* � 150, 
 �
(T*)�1/2 � 0.08] in the troposphere and � 0.2 (T* �
110, 
 � 0.1) in the stratosphere.

Figure 3 shows the observed eigenspectra of monthly
mean SLP and 500-hPa geopotential height; in addition,
it shows idealized fits to these spectra of the type ana-
lyzed in section 3. These fits are quite reasonable, show-
ing that the idealized spectrum provides representative
estimates of the sampling errors in the leading EOFs of
our real datasets.

The first SLP EOF has been defined as the northern
annular mode (Thompson and Wallace 1998), while the
second is closely associated with the Pacific–North
American pattern (Wallace and Thompson 2002; Qua-
drelli and Wallace 2004). These two modes are well
separated from one another and from the third mode
according to the criterion of North et al. (1982). At
other tropospheric levels (e.g., 500 hPa; see Fig. 3), the
two leading eigenvalues are generally less separated
from one another than the leading SLP EOFs are.

Figure 4 shows expected mode mixing estimated
from (11) for our specific example. The errors are ex-
pressed as angular standard deviations �*1j of the direc-
tion of the first sample EOF with its true direction, in
the plane that it forms with each mixing EOF.

The leading EOF of SLP is expected to have smaller
sampling errors than geopotential height at other tro-

pospheric levels because its leading eigenvalue �1 is
more dominant than in the midtroposphere (Fig. 3),
so �ij and �*1j are also correspondingly smaller. The
SLP EOF1 angular standard deviation due to mixing
between the leading two EOFs is estimated to be
about 8°.

At all stratospheric levels, the sampling errors for the
leading EOF are very small (2°–5°), because the inher-
ently low complexity of geopotential variability there
makes the first eigenmode even more dominant than at
the surface. The leading EOF at the 500-hPa level is
subject to particularly high mixing errors with all the
subsequent three modes and therefore is quite sensitive
to sampling variability.

Figure 5 plots the expected cumulative effect of
mode mixing with the first n EOFs on the correlation of
the sample EOF1 (i � 1) and EOF2 (i � 2) with the
respective true EOF,

rn � 1 � 0.5 �
1�j
n

�*ij
2. �25�

For EOF1 of both SLP and 500 hPa, mode mixing
with the second eigenvector contributes roughly half,
with EOFs 3–5 contributing another 25%. SLP EOFs 1
and 2 are much more robust with respect to sampling
variability, compared to the respective EOFs of the
500-hPa level. The error in the leading 500-hPa EOF is
in fact comparable to the error in EOF2 of SLP. The
cumulative contributions of modes higher than 15 do
not significantly alter the correlations shown for n � 15.

Figure 6 shows, for the two levels, two pairs of

FIG. 3. Spectra of the eigenvalues normalized to a unit sum for
(left) SLP and (right) 500-hPa geopotential height monthly mean
fields (full circles), compared to a synthetic dataset with the same
values of �1 and �2, and constant ratio � between eigenvalues of
higher order (empty circles). See text for further explanation.

FIG. 4. Vertical profile of mixing errors in the leading EOF
(i � 1): (a) ratio � � �j/�1 for j � 2 (solid) and j � 3–5 (dashed),
and (b) angle �*1j (°) between the sample and true EOF in the
plane defined by the first and the jth EOFs, with i � 1, j � 2
(solid), and j � 3–5 (dashed). (a) and (b) are obtained using
eigenvalues computed from the sample.
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sample EOFs ê1 � e1 � �15
j�2�*1jw1jej, with w1j � �1 for

all j in the left panel and w1j � �1 for all j in the right
panel. These maps represent examples of the sampling
variability that can be expected when computing EOFs
from the current record of data.2 At both levels, the
strength of the Pacific center in the leading EOF is
quite sensitive to sampling variability. However, over
the Atlantic sector, the SLP EOFs are nearly identical,
whereas the 500-hPa EOFs are quite different: one ex-
hibits zonally elongated features and the other much is
more wavelike. The area-weighted correlation coeffi-
cients between each perturbed map and the unper-
turbed EOF are 0.94 for 500 hPa and 0.98 for SLP, in
agreement with the values shown in Fig. 5.

These empirical results are in agreement with the
analysis of the hypothetical EOF spectrum presented in
section 3. In the observed dataset, which consists of
about 150 independent time realizations, the sizes of
the errors are expected to be substantially different for
SLP and 500 hPa. Based on the results of Fig. 2, it is
estimated that in order to reduce the sampling error in
the leading 500-hPa height EOF to that of the leading
SLP EOF it would be necessary to triple the number of
independent monthly samples from �150 to �450.

5. Conclusions

We have developed simple, easily applied formulas
for estimating how reliably an EOF of a time-varying
field of data can be determined from a finite data rec-
ord. The formulas show that if the North et al. (1982)
criterion holds for the corresponding eigenvalue of the
covariance matrix, the EOF can be estimated fairly re-
liably. We use monthly mean Northern Hemisphere
wintertime 500-hPa geopotential height and SLP as ex-
amples and find that the leading EOF of SLP can be
estimated to within approximately half the error of the
leading EOF of 500-hPa height from the current data
record.
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