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The asymptotic form of the two solutions as x — 0 is y,,(x) ~x"™" unless v =0, when y;~ 1 and

2~ log(x). As is often true, the most relevant cases correspond to complications (v = 0 <> double
root; V=n <> 0y - 0= 2n = integer). Regardless, one solution will always have the form

y,(x) = y(x;v), where

y(x; o) = x“ian(a)x” = ian (a)x"*, (15.2)

We write y(x; o) as a function of o rather than immediately setting oc = v so that
(a) If oy - 0= 2v is not an integer, we can derive y>(x)=y(x; -V).
(b) For the case of equal roots v =0, we can find y,(x) = dy(x; o) /00,

Now (15.2) implies
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Substituting into (BE) and collecting like powers of x,

n=0 (x*?): oa(@—-1)+a—-v*=0 (theindicial eqn, automatically satisfied by o.=Vv.)
n=1 " [(@+Da+a+1-v']a,=0 = a=0

an—2

_Xa+n—vXa+n+v)

n=2 (") [(e+n) a+n-D)+o+n-Via =—a,_, = a,=

n

(o+n)?
Note that an inconsistency is possible if « +n = v, because the coefficient on the left hand side will
be zero, and the right hand side has been determined in a previous iteration and may not be zero.
This can’t happen for the positive root a;=v, but for o,=-v, inconsistency can occur if n =2v =q,; -
0. This is why we need to make an exception for the case that a; - o, is an integer.

[terating, we obtain:

(=D’a,(a)
(x+2p—v)(a+2p-2—-V).(a+2-Vv)(a+2p+Vv)(a+2p—-2+V).(a+2+V)

azp(a) =
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() =0
At this point, we take oo = v (the ‘true’ o), whence

(=1)"ay,(v) _ (=1)"ay,(v)
2p)2p=2).2)2p+2V)2p=2+2V)..2+2v) 2*"pUp+V)..(1+V)

‘121;(‘/) =

Making use of the gamma function T'(z) = Jomtz’le”dt , for which I'(n+1)=n! and I'(z+1)=zI(2),

we can write (p+Vv)..1+v)=T'(v+p+1)/T'(v+1). Hence

_ s D2
Yy () =a,L(v+1)2 2 ST

Jy (%)

With appropriate normalization a,(v)=2""/I'(v+1), this is the Frobenius series for J,(x), the

Bessel function of order v.

The second (0, = -v) solution

1) If o - o = 2v is noninteger, the second solution is y»(x) = y(x; -v) = J_(x).
g
(2) If 2v = 2P +1 is odd, this solution still works because the n = 2P +1 terms in the Frobenius series
give [(-v+2P+1)’ —v’la,,,, =—a,,_, =0. Although the LHS is zero, which could have

produced an inconsistency, the RHS is also zero since the odd coefficients are zero. Thus there
is no inconsistency in taking a»p+1=0.

(3) If 2v = 2P is even and positive, the second solution is too messy for in-class derivation.

(4) If v = 0, the second solution is

S va
0 B ;E[azp(a)le’ lx:o

d
Y, (x)= a—y(x;oc)
o

o=

o aa oo
= Z[azp(a)xz’”“ log x + lxz’”“} = J,(x)log x + prxz”
=0 dar =0 p=0
where
b,, = 9y =a, loga, (o)
" da » P N

o] % S B T S R Vi
- azp(O)aa[ 23 log(a+ Zk)LO = azp(o)[ ZZ;(H 2k LO Sy

k=0
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P
1
and H, = ZE is the p’th harmonic number. The Bessel function of the second kind of order

k=1

2
zero 18 Yo(x)Z—{ v, (x)+(y —log2)J, (x)} , a linear combination of the two Frobenius solutions.
/4

Here y = lim{Hn - logn} =0.577... is Euler’s constant.

n—yeo

The functions Jy(x) and Yo(x) are the functional analogues to cos x and sin x in cylindrical
coordinates. They can be combined into the Hankel functions of order zero, H, é”(x) =J,(x)+1iY,(x)
and H é”(x) = J,(x)—iY,(x), which function like exp(+ix) and are useful for solving such problems

as finding the structure of waves radiated from a long linear antenna.
The plot below, generated by Matlab script bessel plot.m (class web page) shows the
convergence of the Frobenius series for Jy(x) and Yo(x) truncated after the x*f term for various P.

With P = 13, both series are quite accurate for 0 <x < 10.

Truncated Frobenius Series approximants to Jo(x) (solid) and Yo(x) (dashed)
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