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Two-scale analysis of dispersive wave packets
Linear 1D waves in a homogeneous medium are characterized by a dispersion relation w(k) which
relates their frequency o to their phase speed k. A monochromatic wave of a single wavenumber &
has the form apexp(i[kx-wf]), where ay is a constant amplitude. The wave phase ¢(x, ¢) = kx-wt
propagates to the right at the phase speed ¢ = w(k)/k.
Linear waves are called dispersive if the phase speed varies with wavenumber k. Sound or light
waves are nondispersive, i. €. all wavelengths have the same phase speed. However, for rightward

propagating surface gravity waves on a layer of water of depth £, w(k) = [ gk tanh(kH )]”2 . Small

wavenumbers (long wavelengths) with kH << 1 (e. g. tsunami waves) have phase speed (gH)” 2

while large wavenumbers (short wavelengths) with kH >> 1 (surface ripples) have slower phase
speed (g/k)".

A one-dimensional wave packet is a spatially localized wave disturbance with some characteristic
carrier wavenumber ky and frequency ®, modulated by a possibly complex amplitude a(x, ?):

v(x,t) = a(x,t)exp(ik,x — iw,t)

For instance, think of a tsunami produced by a localized earthquake propagating across the ocean.
We wish to predict how the wave packet evolves, 1. e. to find a partial differential equation for the
evolution of a(x, 7), given a(x, 0) and the dispersion relation governing the waves. Because of the
amplitude modulation, y is a superposition of many Fourier wavenumbers k. For instance, if

a(x,0) = a, exp(—x° / 207), the Fourier transform of y(x, 0) is
$k,0)= [ y(x.0)exp(-ikx)dx = | a,exp(~x> / 20”)exp(ilk, - k]x)dx

= a,exp(—=0” [k, — kI 12) [ exp(~{x—ic”[k, — K1} /207 x
=a,0021)"? exp(-0°[k, — k1" /2)
Thus, if the wave packet has a characteristic width dx = ¢ in physical space, it has a characteristic
width 8k =¢™' around the carrier wavenumber ko in Fourier space.

If the wave packet is narrow in Fourier space (broad in physical space), a Taylor series

approximation to the dispersion relation around ko

(k—k,)* O°w
2 ok’

a)(k):a)0+(k—k0)%—i)(k0)+ (k,)...



Bretherton Amath 568 20-2

will be accurate across the range of wavenumbers that make up most of the wave packet. This
greatly simplifies the calculation of the wave packet evolution. For instance, for a Gaussian wave

packet with Ok << ky,
y(k,t) = y(k,0)exp{—im(k)t}

2 2
= 6100'(27r)”2 exp(—o-2[k0 —kT? /2)exp {—i[a)o + (k- ko)(—;—clj(ko) + @ gk(;) (ky)-. }t}

_a00(27r)”2 exp(— La)ot)exp{—z(k k, ) (k )t—( 2 0) [ (k )t] }

Defining the group velocity c¢,(k) = 0w / ok and the dispersion B(k)= 0’ /0k*, using a subscript 0

to denote their value at the carrier wavenumber ko, and dropping the “...¢ terms, we see that

(k1) = a,0(2m)" exp(—ia)ot)exp{—i(k — kg )yt @(02 + iﬁot)}

Y = | $(k.t)expike)dk
2r I

a,o exp(—im,

- t)j:exp{ikx—i(k—ko)cgot_@(02+iﬂ0t)“}dk

(271.)1/2
Tk x— _ e

= aOGeXp((zl;)oljz ®,t1) J_wexp {ik1 (x - cgot) - ?'(0'2 + i/3’ot)}dk1

Ky =k—k,

2 2
_a,oexp(ilkyx — w,t]) B (X—Cgol) © _(0‘2+iﬂ0t) ) (x—cgot)
et 2(0” +iyt) JLew 2 kl_l(0'2+iﬁ0t) 4

2
—C,ol
= a, exp(ilk,x — wot])mexp —2(();2;%
0

4 (x B Cgot)z

D= (1+iByt / 0'2)”2 7P 2(0” +iByt)

The Gaussian packet moves at the carrier group velocity cqo and it slowly spreads out due to the
dispersion . Fig. 1 shows the example @ = k" (deep water waves) with 6 = 10, ko = 1 , Cq0=10.5,
Bo =-0.25. The left panel shows the wave packet at = 0, and the right panel shows how the
absolute value of the amplitude evolves; the dispersion is a rather weak effect, broadening the packet

about 20% in the 400 time units plotted.
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Gaussian wave packet, o =10, k0=1

Packet amplitude evolution, w = K12

600

—y
——a 500 |

400

\ / "\\”/\}—— s 300 ¢

200

100t

20 40 0 50 100 150 200 250

You have probably been taught that these aspects of wave packet dynamics apply generally...but
how can we show this mathematically with the tools we have learned? The trick is to introduce a
small parameter

€= 0k / ko<<l
which characterizes the wave packet width in Fourier space. The characteristic packet width in
physical space is &x = €'/ ko, which is long compared to the lengthscale 1/ ky on which the carrier
wave varies. We use this to define long space and time scales over which the packet amplitude
evolves.

We use a form of multiple scale analysis. We introduce a long length coordinate

X=¢gx
Thus the packet amplitude varies on a lengthscale 8X =& &x = 1/ ko, while the carrier wave varies
on a lengthscale dx = 1/ ko. Since all the frequencies in the packet differ from the carrier frequency
by O(¢), we can also anticipate that the packet amplitude will evolve on a timescale €'/ 0y. Hence
we also define a long timescale 7= €t and we write a(x, t) = A(X, T). The wave packet has the form
yv(x,t)= A(X,T)exp(i[ kyx — w,t])
We assume that we know the initial packet shape A(X, 0), such that y(x,0) = A(X,0)exp(ik,x); our

task is to derive an equation for A(X, 7). We also define a scaled wavenumber K = €' (k - ko).

The Fourier transform of the initial wave packet is
5(k,0) = j°° y(x,0)exp(—ikx)dx = j” A(X,0)exp(ilk, — k]x)dx

=& [ AX.0)exp(~iKX)dX = £ A(K,0)
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Each wavenumber £ evolves as exp(-io(k)?), so

2 22
$(k,t) = exp(—io(k))$(k,0) = exp1 —i| @, + eKa—w(k0)+ 2 X0 D k... |t 1 Ack,.0)
ok 2 ok
= e exp(—iw )A(K,T),
n K? n
where A(K,T)=exp {—i[cho +e—p,.. .}T}A(K,O) (20.1)

Introducing the small parameter € allows us to formally justify neglecting higher-order terms in the

Taylor series, and also shows the dispersion is a higher order effect than the group velocity.

We deduce that A(K ,T) satisfies the ODE

0A K? .
a—T:—l|:KCgO+£7ﬁO...:|A

To take the inverse Fourier transform, note that iK — d/dx, yielding the desired PDE

0A__ 0A iBed’A
oT ) ) €

for the wave packet amplitude. To leading order, this is a one-way wave equation for 4, whose

(20.2)

solution is that A(X, T) = A(X — c,ot, 0), a wave propagating at the group velocity cq,0. At O(€) there
is a correction due to the dispersion. This correction only becomes significant when 7= O(e") or ¢ =
O(e™?). The Gaussian solution derived earlier satisfies this PDE; for that case € = (ck,)" (= 0.1 in the

plotted example).



