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Example (R2): Find a perturbation series solution of y”+¢&y’ =1, y0)=1,y(1)=0,e < 1.
Note: This problem has a closed-form exact solution which is a particular solution (which we can

guess in this case) plus a linear combination of homogeneous solutions:
ve(x)=x/€+ce " +c,
The coefficients are determined from the boundary conditions:

1=y(0)=c, +c, {clz(1+£‘_')/(1—e—£)
=

0=y(l)=€"+ce " +c, ¢, =1-¢

This solution can be used to test the convergence of our perturbation solution.

Solution: Guess a series of the form y(x,€) = y,(x)+ €y,(x) + 82y2 (x)... and substitute into (R2):
V(X)) + eyl(x) + €y(x)...+ S{yé () + &y (x)+ €y} (x).. } =1
¥(0) = y,(0)+ £y,(0)+ €°y,(0)...=1=1+0e + 0&" ...
y) =y, () +ey,(D+£y,(1)...=0=0+0e+0&"...

Sorting into powers of €:

”, X2 3X
e y(x)=1, y,(0)=1,y,()=0. :>y0(x)=?—7+1
| 3 3 2
e: Yy +y,(x)=0 :>yl”(x)=—y6(x)=—x+5 :>y1(x)=—g+T+c3x+c4
1 5. 3,
»(0)=0 = 0:—gO +ZO +¢,0+¢c, = ¢,=0
1 3 7 7
D=0 = 0=—"1+=Z1"+c¢cl4¢, =Dc,=———-¢, =——
n) 6 4 o 12 Y 12
y 6 4 12
2 4 3 2
2 ”, ’ ” ’ X 3 7 X
e )+y(x)=0 =2y/x)=—vyvXx)=—-—x+— =y x)=——-——+—+cx+c
Yy (%) + yi(x) Y, (x) yl()2 RART yz()24 1 T TG
1, 1.5 7,
»0)=0 = 0=ﬁ0 _ZO +£0 +c¢,0+c, = ¢,=0
(H=0 :>O—L14—ll3+llz+c1+c = ¢c.=——
% 2 4 g TG T2
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The upper left panel of Fig. 4.1 shows the exact solutions for € =0, 1, 2, 3. Although € is apparently
quite large, we can see that the exact solutions are varying smoothly and fairly linearly with €,
suggesting a perturbation series in powers of € might be quite accurate.

The remaining panels plot the error of the 0", 1%, and 2" —order perturbation series
approximations at each x. The 0"-order series (upper right) has max error proportional to €, as we
expect since this is the order of the first neglected term in the perturbation series. Analogously, the
1% -order series (lower left) has max error proportional to €2, and the 2" —order series has max error
proportional to €%. Fore = 1 (the green curve), the max error of the 2" —order perturbation series is
0.0024, which is remarkably small. This shows that indeed, a perturbation series gives an excellent

approximation to the exact solution of this BVP over a broad range of €.

Exact solutions for ¢ = 0,1,2,3 Yo Ve maxerr ~ 0.12¢
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Fig. 4.1: Exact solution and error of perturbation series through orders 0-2 for BVP (R2), €=0,1,2,3.
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