GFD-Bretherton Lecture 3

Important approximations to the equation of motion

1. Boussinesq approximation (buoyancy-driven at all scales in ocean and atmospheric boundary layer)
2. Hydrostatic approximation (flows with much larger horizontal scale than vertical scale)

a. pressure coordinate formulation of the fluid equations

b. primitive equations for hydrostatic rotating equation on sphere
3. Geostrophic balance at large scales in ocean and atmosphere

These are derived by scale analysis of the basic fluid equations. For 1 and 2, we will use nonrotating
forms of the equations for simplicity; including the Coriolis terms would affect a few details.
s hon (Eo¢ ocean, dm bound lages,\alo ks, Wec) molely
8——-—“ \\’\QQ%.C_LKQM \QQ ‘\[ b“k)uq\me) not G\Ltscu,swé.w P et \
Tdea . Somelines WQ Coan Freck O tomgeessivble o as QQReox wnak e\gs

ISR €SS vole | Yocmu\\\s, Vaus 18 Mae %wSS\“QSc‘ apg OX Wnaion ,\a\mc.\n
oas\sks ok:

Q) t:es\ui\ms densiny vediahens \'l‘.? %\ i W2 wnass Qw\\mo\\\ QC‘IUC;\\Q(\
%Q 'q - R\ . )
Y-u=0. ( b \'\?;t::\:% wawes ‘o.sv&k&\\n\j

K’l\ L\T\Qcil'}i}”“\ dans \\\\IN\O\\\DV\S wh \}v.\e Y\_r\bw\ex\\u“\ Q(v)q\-\bv\ .

S A ' s o greswie gehucledinn
D&’ = - .\._‘q g < 3’\“ B: - LSQQSLD Qw \QQ(DV\S\'Q_“'\
Dt eog ‘ ) eno ) ‘Q\ RfencQ

densihy.
’ Cots Q$\- dans w-
\'q\\&\‘c:‘t e will show Brae %o\RS\v\QS&I %QN“\“\“\\O“ 1w va\W\ @ &

(A DQ“&\\“) Nocienows Hacouahoud Wae €lond ase swall kA'ng,teu.s\.
so Waece 1t o celtecaunce &0\3\\‘\ Qoo oS ek Qv_\’f"«ﬁ Q\K&y’\'\«c
Qoo :

() "The %Q“UQ\\(Q& Meddh aumlses L‘Q;\' ® sw\q\\/ whete s We

k%mc}x’\SCQ\Q QA\S Y \s"\t Live s cale ok \“'\Q-(bw (é‘\' \
Unlice fdmevoine agerox does ok reguire VL, 50 quod o uckvlence.
Decanon ?%Q“f){'\ andNtcons 400 P“\“?k‘t“‘“\ T3 )4\41-‘\‘\7)

The Senvahon ok Q) followss Erhe (nital S\t?t ok ouc S&uc\ehon of Hhe

\r\\s&ms\'m\\c OQQ‘“X\\OU& Wil a conshent ?Q Vel W\Uu.s Aklec Gowm Ve

™e cun Q\\J\g &!\S\\\S ak M\S QO&\\(&\N \\O.\tgx\’ . Tt uses oh\%qﬁ&n\?\lm ().

T <
W deciue ), we mosk shsw [\?‘)_“?_;&\s muda \ess S Vo \ﬁ\_q_

Wdwidual fecms % )%\% )\;‘5_2 ok T | Pre dovamanY Balance v Ve

"nass Cb\(\\'\\/\\)\\\x QC"Y\_ 15 Q& \X\qu \y\a\\; \&\7&\ '\'wa\i \x\\\&\ Q-QQ&\D“\Q.(_
LQ\ U be o . \mloc\\\s SQQ\Q ) L oand \’\ u&t "‘“\t("“‘“\bu\t\(q\ \-'-vvs\\'dca\iy

T»\QY\ '3 DN )\—"l _t__’; - "\—\ —
(23 %\=% , W-Tt-w




GFD-Bretherton Lecture 3 2

New | foc aun adidoahe flony  onwmdh onrogy 1) 18 Onsegued Qo\lwawx Cwd Rascals,

1% - 508 _ A Dy

LN m " ec Bt
?Qx\'\\\w\ = RlE)s ? (x,\&z £) wwn \\\3&c‘§\°}\c ‘cu\ Y= Reo Qg = and ?Q(\v\'\n\'l.w ? ;

TR - R - v

%é-\ ” L‘:‘_A = e;'!’.EL (o M)\nenzm\o\ MD«\ DA‘--L%

T o geale (
Twus J o
3 W
, vo =W W
QQ& “t-x K_ CSZ H K Q“A:a\ou\'\ o
~Q03 &U\&\

SCal e Wervguk
a%'{\\'\x VO\I\Q}'\Q!\& “4\“‘)%1‘“‘& Q\:?;\J\

Qn qu\hcu\qr w Ve Vu‘\'\cc\\\) WR axe °‘°'\‘°3'& Yo vesheck -‘Hm
Hence

'L ?hfx <x~ifw‘] 'VT

g\v\ce we \haye attu e & Svnall

Q‘& Dt
Also
.L Dyp' Dyl _eeml
?cﬁ Dt ooCe T Qoocs -\. (
Since u\i%@m@.(u\\:t& Madn v\om\ou \-ICST “'L
J_ D‘, ]<< I'%\k 'U‘ ’
C ecx
Onsequ \o
\'\~3 porks o b 3% ?‘SID‘DE ase Tynal cmmyqﬂé

to tec
s tn e d\Vu3m(Q,so Hne dominant balance 13

V.- =
AN Vh \Ak& -3\40 —_ O (\':.CD‘\\Y(QS\\\Q\

- B . 4
Proof of (2) (Boussinesq simplification of momentum equation)

We divide the density and pressure into hydrostatic reference profiles which depend only on height, plus
much smaller perturbations that depend on space and time:

p=p,(2)+p'(x,y,2,t)
p=py(2)+p'(x,y,2,1)

Then the pressure gradient and gravity terms on the RHS of the momentum equation can be written:
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We assume that p’ << p,(z) = p,,.- Then, working on the individual terms,
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Putting these approximations together,

VP bk =Y bk, p=—g2
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