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ABSTRACT
Leaky trapped mountain lee waves are investigated by examining the structure of individual linear modes in
multilayer atmospheres. When the static stability and cross-mountain wind speed are constant in the topmost
unbounded layer, modes that decay exponentially downstream also grow exponentially with height. This growth
with height occurs because packets containing relatively large-amplitude waves follow ray paths through the
stratosphere, placing them above packets entering the stratosphere farther downstream that contain relatively
low-amplitude waves. Nevertheless, if the trapped wave train is generated by a compact source, all waves
disappear above some line parallel to the group velocity that passes just above the source region.
The rate of downstream decay due to leakage into the stratosphere is strongly dependent on the atmospheric structure. Downstream dissipation is often significant under realistic atmospheric conditions, which
typically include elevated inversions and strong upper-tropospheric winds. On the other hand, idealized
profiles with constant Scorer parameters throughout each of two tropospheric layers can exhibit a wide range
of behaviors when capped by a third stratospheric layer with typical real-world static stability. Assuming the
Scorer parameter in the stratosphere is a little larger than the minimum value necessary to allow a particular
mode to propagate vertically, the rate of downstream decay is more sensitive to changes in the height of the
tropopause than to further increases in the stability of the stratosphere. Downstream decay is minimized when
the tropopause is high and the horizontal wavelength is short.

1. Introduction
Trapped mountain lee waves are gravity waves whose
energy is largely confined to the lower troposphere.
When triggered by long ridges, these waves can produce
regularly spaced lines of cloud parallel to the ridge crest.
The basic dynamics of trapped lee waves are described in
the classic paper by Scorer (1949), who showed that wave
trapping is favored when the cross-mountain flow exhibits
a sufficient decrease with height in the parameter N/U,
where N is the Brunt–Väisälä frequency and U is the
cross-mountain wind speed. This type of profile can be
encountered relatively frequently when the midlatitude
westerlies impinge on north–south mountain barriers.
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Although N/U may be small in the upper troposphere, it
generally increases with height in the lower stratosphere
owing to the increase in static stability above the tropopause and the decreasing winds above the core of the jet.
As a consequence of the increase in N/U in the stratosphere, almost all real-world lee waves can potentially leak
energy upward as some fraction of the wave originally
launched by the topography propagates vertically through
the stratosphere. The possibility that leakage into the
stratosphere is an important producer of lee-wave decay is
supported by several observational campaigns (Vergeiner
1971; Brown 1983; Shutts 1992; Georgelin and Lott 2001).
Trapped-wave leakage has previously been studied theoretically using linear theory in several ways: for deep multilayer atmospheres topped by a boundary condition that
prevents upward energy propagation (Corby and Sawyer
1958); for a constant-stability troposphere through which
the winds increase with height, capped by a uniform-wind
speed stratosphere (Wurtele et al. 1987; Keller 1994); and
through asymptotic approximations to the far-field solution
generated by an isolated mountain (Berkshire and Warren
1970; Berkshire 1975; Berkshire and Pickersgill 1978).
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Some of these theoretical studies have suggested that,
despite the increase in N/U above the tropopause, trapped
waves do not leak significant energy upward. For example,
Corby and Sawyer (1958), focusing on trapped lee waves
‘‘which attain their maximum amplitude in the lower
troposphere,’’ state that such a wave ‘‘appears without
perceptible change in its properties whatever conditions
are assumed at high levels . . . this is not a fortuitous result
arising because of the particular l2 profile adopted, but is
true in general’’ [l2 is defined in (4)]. In contrast, Wurtele
et al. (1987) and Keller (1994) both obtain clear evidence
of trapped-wave leakage into the stratosphere but do not
include systematic investigations of the sensitivity of such
leakage to the atmospheric structure.
More recently, the observations analyzed in Smith
et al. (2002) led to an alternative hypothesis about the
processes responsible of the demise for trapped waves—
namely, that trapped waves were decaying downstream
owing to absorption in a stagnant boundary layer.
Follow-on studies (Smith et al. 2006; Jiang et al. 2006)
have explored how boundary layer processes can lead to
the downstream decay of trapped waves. A companion
paper (M. O. G. Hills 2015, unpublished manuscript,
hereafter Part II) will compare the relative importance
of stratospheric leakage and surface friction in producing decay in trapped waves. Distinguishing between
these two possible sources of decay is important because it helps us understand whether trapped waves
ultimately exert a drag on the flow in the upper atmosphere (owing to the amplification and breakdown of
waves leaked upward into regions of ever decreasing
atmospheric density) or near the surface (owing to
boundary layer processes). Our goal in this paper is to
explore the behavior of individual partially trapped
modes that may lose amplitude downstream owing to the
leakage of energy through the stratosphere and to determine the sensitivity of such leakage to the atmospheric
structure. In addition to considering a broad range of
atmospheric structures, our approach differs from previous theoretical work through its focus on individual
modes—that is, individual solutions to the governing
equations with a single (possibly complex) horizontal
wavenumber and a particular vertical structure.

2. Linear theory of leaky trapped modes
Neglecting the Coriolis force, the vertical velocity
perturbations w in the linearized inviscid Boussinesq
equations governing steady two-dimensional (x, z)
mountain waves satisfy [see Gill 1982, his (8.9.8)]
 2
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›
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where U(z) . 0 is the basic-state cross-mountain flow
and N(z) is the Brunt–Väisälä frequency
N2 5

g du
;
u0 dz

(2)

here, u(x) is the potential temperature in the basic state,
u0 is a constant reference value of the potential temperature, and g is the gravitational acceleration. Assuming
ikx
^
, (1) becomes
a solution of the form w(x, z) 5 w(z)e
^
d2 w
^ 5 0,
1 (l2 2 k2 )w
dz2

(3)

where
l2 (z) 5

N 2 1 d2 U
2
U 2 U dz2

(4)

is the Scorer parameter.
Scorer (1949) obtained solutions to (3) for the specific
case of two-layer atmospheres in which l is constant in each
layer and the waves are completely trapped in the upper
^
layer. In the following, we obtain eigenfunctions w(z)
and
eigenvalues k for (3) in atmospheres having multiple layers
with constant wind shear and static stability in each layer
using the numerical procedure described in the appendix. In
all cases, the top layer is one with constant N and U, implying that l is also constant in that layer. Before discussing
the solutions throughout their full vertical extent, let us
consider the wave structures in the constant-N and -U upper
layer associated with perfectly trapped and leaky modes.
When N and U are constant, solutions to (3) have the
^ 5 eimz , where
form w(z)
m 5 6(l2 2 k2 )1/2 .

(5)

In the case of classical trapped waves with no downstream
decay, k is real, k2 . l2, and the positive root in (5) gives the
physically relevant1 solution to (1) that decays as z / ‘,
w(x, z) 5 e2[(k 2l
2

2 1/2

) z] ikx

e

,

(6)

where it is understood we take the real part of the solution after multiplying by a complex coefficient determining the phase and amplitude. On the other hand,
if k2 , l2, the classical solution to (1) is a vertically
propagating wave of the form
w(x, z) 5 ei(kx1mz) .

(7)

Assuming without loss of generality that k . 0, the positive root is again taken in (5) to ensure upward energy

1
Recall that we have made the Boussinesq approximation, thereby
neglecting the decrease in mean atmospheric density with height.
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FIG. 1. Schematic illustration of why wave amplitude increases with height at a fixed
downstream distance due to the conservative propagation of wave packets through the
stratosphere above a train of lee waves that decay downstream. Different packets are shown as
they enter the stratosphere progressively farther downstream of the wave source and propagate
along ray paths (dashed gray lines with arrowheads) following the group velocity. Blue packets
are launched closest to the source; green packets are launched farthest downstream.

propagation. This follows from the expression for the
vertical group velocity. The dispersion relation for gravity
waves that can be steady (i.e., have a frequency v 5 0) in
a mean flow U . 0 is

v 5 Uk 2

Nk
(k2 1 m2 )1/2

.

(8)

Thus,

FIG. 2. Basic-state environment and modal structure for profile 1 as a function of height. (a) U (black line) and N (solid red line for no
^ (red line) and the interval [2jwj,
^ jwj]
^ (shading) for the no-stratosphere case; (c) as
stratosphere, dashed blue for stratosphere); (b) Re(w)
^ in blue. Horizontal wavelength lx and downstream dissipation per wavelength Dl are also
in (b), but for the stratosphere case with Re(w)
noted in (b) and (c).
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FIG. 3. As in Fig. 2, but for profile 2.

cg [
z

›v
Nkm
5
,
›m (k2 1 m2 )3/2

(9)

which is positive when k and m have the same sign.
Since the waves transport energy upward, the purely
oscillatory solution (7) cannot describe the disturbance
above trapped waves generated by an isolated mountain
because upward energy leakage would cause such a mode
to decay downstream of the source. To accommodate
possible downstream decay, we generalize the preceding
by letting k 5 kr 1 iki and m 5 mr 1 imi be complex (with
kr, ki, mr, mi all real). The general solution to (1) now has
the form
w(x, z) 5 e2ki x2mi z ei(kr x1mr z) ,

(10)

where from the steady-state dispersion relation (5),
m2 5 l2 2 k2r 1 k2i 2 2iki kr 5 Aeif ,

(11)

with
A 5 [(l2 2 k2r 1 k2i )2 1 (2ki kr )2 ]1/2
!
22ki kr
.
f 5 arctan 2
l 2 k2r 1 k2i

and

(12)
(13)

Without loss of generality, we assume kr . 0 and choose
the sign of mr to match that of kr to give upward energy

transport. If the wave decays downstream, ki . 0. Using
the positivity of kr, ki, and mr, and noting that l2 . k2r
because the wave is propagating vertically, (13) implies
that both f and f/2 lie in the interval [2p/2, 0], and thus
mi , 0. As a consequence, at any fixed value of x, the
amplitude of the solution (10) grows without bound as
z / ‘.
Unbounded growth in the wave amplitude with height
is nonphysical when the wave structure is purely sinusoidal in x and exponential in z, which led us to the
choice of the decaying solution in (6). Is the solution (10)
also unphysical, or can it describe the true stratospheric
signal in a wave train downstream from a localized
source? We are aware of only one previous publication
in which exponential growth with height has been connected with the downstream decay of trapped lee
waves:2 Tannhauser and Moiseyev (1995) briefly note
that in their leaky-wave solutions ‘‘. . .the amplitude
diverges3 as z / ‘, this divergence has no clear physical
meaning.’’
Here we present the physical explanation for the increase in amplitude with height. First note that this

2
Figures 5 and 6 of Keller (1994) show decaying trapped waves
increasing in amplitude with height in the stratosphere in a linear
Boussinesq solution, but this behavior is not mentioned in the text.
3
‘‘Amplitude diverges’’ presumably refers to exponential growth
with height.
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increase in amplitude with height is not due to the decrease in atmospheric density with height because we
have used the Boussinesq equations to describe the
waves. The explanation is easily obtained under the assumption that the downstream decay over an individual
trapped wavelength is small, so that one can apply the
concepts of group velocity and ray-tracing theory in
a WKB sense to gravity waves propagating through the
constant-N and -U stratosphere. From (8), the x component of the group velocity is
cg [
x

›v
Nm2
.
5U 2
›k
(k2 1 m2 )3/2

(14)

In steady waves, (8) reduces to l2 5 k2 1 m2, and for such
waves (14) and (9) simplify to
cg 5 U
x

k2
km
, cg 5 U 2 ,
2
z
l
l

and thus
cg

z

cg

5

m
,
k

(15)

x

which is positive for waves propagating energy upward.
Since N and U are constant in the stratosphere, conservation of wave action reduces to conservation of
wave amplitude, and each wave packet entering the
stratosphere will propagate upward and downstream
along a ray path parallel to the group velocity vector as
schematically illustrated in Fig. 1. Those packets that
enter the stratosphere closest to the wave source have
larger amplitude and follow a ray path that places them
above packets of lower-amplitude waves entering the
stratosphere farther downstream. Thus, at a given value
of x, the wave amplitude will increase exponentially with
height—except that if the leaky trapped wave train is
generated by a compact source, the wave amplitude ultimately drops to zero above some threshold value zt(x).
Suppose the leaky trapped waves are generated by
a compact tropospheric source at xs where the tropopause
height is hs, then this threshold may be approximated as
zt (x) 5 hs 1

m
(x 2 xs ) .
k

(16)

Assuming the compact source does not directly generate
a disturbance in the stratosphere, there will be no disturbance above zt(x) because all ray paths in this region
originate upstream of the source. In the same manner
that we ignore the way the wave amplitude in (10) grows
exponentially upstream of a compact source as x / 2‘,
we should ignore the exponential growth as z / ‘
above x0 for all values of z higher than about zt(x0).

FIG. 4. (a) Rate of downstream decay ki and (b) resonant
wavelength lx as a function of stratospheric stability for profiles
1 (blue) and 2 (green).

3. Three-layer atmospheres with constant wind
speed
As a starting point, we solve the eigenvalue problem
(3) for a pair of simple two-layer atmospheres that
support trapped waves and examine how those solutions
change when a stratosphere is added as a third layer. In
these cases, N is constant within each layer and U is
constant throughout the entire depth.
One trapped-wave profile (herein profile 1) that has
been used in previous studies (Doyle and Durran 2002;
Jiang et al. 2006) is a 3-km-deep lower layer in which
Nl 5 0.025 s21, with Nu 5 0.01 s21 above and U 5 25 m s21
at all levels. The effect of adding a stratosphere to this
profile is illustrated in Fig. 2. As plotted in Fig. 2a, the
stratospheric stability is Ns 5 0.02 s21 and the tropopause height hs is 10 km. Comparing the vertical structure of the purely trapped two-layer solution (Fig. 2b)
with that in the presence of the stratosphere (Fig. 2c), it
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FIG. 5. Contours of w in a vertical cross section for modes supported by profile 2 with hs 5 10 km and Ns equal to
(a) 0.006, (b) 0.008, (c) 0.010, and (d) 0.020 s21. In all cases, the waves are plotted for a flow from left to right and the
maximum w is normalized to unity in the first updraft. Contours for w are at intervals of 0.1. Dashed gray lines
indicate the top of the lowest layer and the tropopause; the thin dashed black lines in (b)–(d) are parallel to the
group velocity vector.

is clear that the mode is insensitive to the stratosphere,
which is consistent with the conclusions of Corby and
Sawyer (1958).
Ralph et al. (1997) surveyed observations of 26 leewave events collected by several different researchers.
They found the average wavelength during these events
was 15.8 6 4.5 km. The shortest average wavelength was
8.3 km; the longest was 28.6 km. The resonant wavelength
supported by profile 1 is 9.3 km—shorter than all but one
of the events surveyed in Ralph et al. (1997). Figure 3
shows how the results change if we add the same stratosphere (Ns 5 0.02 s21, hs 5 10 km) to another simple
profile (profile 2) that supports a two-layer solution with
a 20.5-km resonant wavelength. In this case Nl 5 0.016 s21
throughout a 2.5-km-deep layer, Nu 5 0.0045 s21 and U 5
20 m s21 (Fig. 3a). When the stratosphere is present, the
resonant horizontal wavelength increases slightly to
21.0 km, but more significantly, vertical propagation carries a nontrivial fraction of the wave amplitude upward
throughout the stratosphere. This upward propagation is
^
evident in the pronounced oscillatory structure of Re(w)

^ jwj]
^ (indicated by
and in the width of the interval [2jwj,
the shading), which does not decrease with height in the
stratosphere.
The downstream decay rate ki and the wavelength
lx 5 2p/kr are plotted as a function of stratospheric
stability in Fig. 4 for both profiles 1 and 2; in these cases
hs is held fixed at 10 km. Vertical propagation into the
stratosphere occurs when Ns . Ukr, which evaluates to
about Ns . 0.017 s21 for profile 1 and Ns . 0.0063 s21 for
profile 2. Downstream decay occurs very slowly for
profile 1 but is almost two orders of magnitude greater
for profile 2 and rises rapidly to a maximum soon after
Ns exceeds the threshold for decay. The decay rate then
gradually asymptotically approaches zero, which is the
value for a rigid lid in the limit Ns / ‘. The horizontal
wavelength is only slightly sensitive to Ns (Fig. 4b), with
most of the variation occurring in profile 2 near the
threshold for vertical propagation.
Vertical cross sections of w for four profile-2 modes
with different stratospheric stabilities are plotted in
Fig. 5. When Ns 5 0.006 s21 (Fig. 5a), the waves do not
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FIG. 6. Contours of w in a vertical cross section for profile 2 with Ns 5 0.01 s21 and hs 5 7 km from (a) the steadystate limit approached by the time-dependent numerical solution and (b) the linear model. Units for w are meters
per second, and w from the linear model is normalized so its maximum value matches that for the numerical
solution in the first updraft. The thin dashed black lines are parallel to the group velocity vector. The 100-m-high
mountain is barely visible at about x 5 210 km in (a). The vertical white line in (a) separates the near-mountain
solution from the downstream portion, which may be compared with the linear mode in (b).

propagate vertically in the stratosphere, and there is no
loss of amplitude downstream. As Ns is increased to
0.008 s21, the downstream decay rate is near its maximum (as is the growth with height at a fixed value of x).
Further increases in Ns do not lead to stronger downstream decay, and as suggested by Fig. 4a, the downstream decay is noticeably weaker when Ns 5 0.02 s21
(Fig. 5d). As predicted by theory, the vertically propagating waves in the stratosphere develop an upstream
phase tilt that increases as the strength of Ns is increased.
Also plotted in Figs. 5b–d is a dashed line emanating
from (x, z) 5 (0, 10) km parallel to the group velocity
vector. As particularly evident in Fig. 5c, the wave amplitude in the stratosphere is constant along this line. If
the waves were generated by a compact source at x 5 0
that did not extend into the stratosphere, this dashed
line would represent the threshold zt(x) defined in (16),
above which the atmosphere would be unperturbed. The
actual disturbance generated by an isolated mountain
will, however, include longer-wavelength vertically propagating waves, and the signal from such waves can produce oscillations in the region above the dashed lines in
Figs. 5b–d.
Figure 6 compares the vertical velocities in a numerical solution for the full set of waves generated by a Witch
of Agnesi mountain with a half-width of 2.5 km to those
for the leaky-mode linear solution. The atmospheric
structure is given by profile 2 with Ns 5 0.01 s21 and
a tropopause height of 7 km. The numerical solution is

from the time-dependent mountain wave model discussed in Part II. An effectively linear solution is obtained from the nonlinear numerical model by using
a mountain just 100 m high; the solution has become
completely steady by the time shown in Fig. 6a. The
amplitude of the linear solution in Fig. 6b has been
scaled to match that of the first updraft downstream of
the mountain in the numerical solution.4 The agreement
between the numerical solution and the linear mode in
the region below the dashed black lines is very good,
with almost identical resonant wavelengths, downstream decay, and growth with height at a fixed value of
x. Additional modes triggered by the mountain are visible above and slightly downstream of the mountain in
Fig. 6a, and some of these waves directly excite the leaky
trapped mode in the stratosphere accounting for much
of the signal above the dashed line in the numerical
simulation.
When the tropopause is at 10 km, the trapped wave
supported by profile 1 decays almost completely before it
encounters the stratosphere, whereas that supported by
profile 2 retains approximately 20% of its maximum

4
Observations (Smith 1976) and numerical simulations (Nance
and Durran 1997) have shown that the lee-wave amplitude in
typical atmospheric flows is often significantly underestimated by
linear theory, even when other aspects of the wave structure are in
good agreement. We therefore do not attempt to directly calculate
the amplitude of linear leaky waves forced by a given topography.
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In contrast to the downstream decay, the resonant
wavelength is only moderately sensitive to the height of
the tropopause when hs is relatively low (at 7 or 8 km)
and is quite insensitive when it is higher (Fig. 7b). Also
plotted as the dashed black line in Fig. 7b is the curve
along which the Scorer parameter in the stratosphere ls
equals the horizontal wavenumber. The right-hand side
of (5) is zero along this curve, marking the transition
from solutions that decay exponentially with height to
solutions that contain a vertically propagating wave
component. The behavior at ls 5 k is singular, and our
method fails to converge in a small neighborhood
around this line. Gaps appear in our curves at those
points.5

4. Elevated inversion and tropospheric wind shear

FIG. 7. Influence of hs and Ns in profile 2 on (a) downstream
damping per unit wavelength Dl and (b) resonant wavelength lx.
Individual curves show the values for tropopause heights ranging
between 7 and 13 km. The dashed line in (b) shows the curve along
which ls 5 2p/lx.

amplitude at the tropopause level (cf. Figs. 2b and 3b).
The slower decay of the profile-2 mode through the upper troposphere facilitates the leakage of energy into the
stratosphere, so not surprisingly, the downstream decay
of the profile-2 modes is increased if the height of the
tropopause is lowered. This is shown in Fig. 7a, in which
the downstream damping per unit horizontal wavelength
Dl is plotted as a function of Ns for several different hs;
the decay of profile-2 modes can exceed 50% per
wavelength when the tropopause is lowered to 7 km (the
elevation for the case shown in Fig. 6). Let N*s denote the
value of Ns that produces the maximum decay for a given
tropopause height. For the heights shown in Fig. 7, and
for values of Ns greater than N*,
s Dl is much more sensitive to the tropopause height than to stratospheric
stability. On the other hand, Dl is very sensitive to Ns for
values between the threshold for leakage and N*.
s

As demonstrated in the preceding section, the rate at
which trapped lee waves dissipate downstream owing to
stratospheric leakage can vary dramatically depending
on the specifics of the atmospheric profile. Neither
profiles 1 nor 2 are good approximations to the atmospheric structure during actual lee-wave events. Instead
of a very stable layer extending 2.5 or 3 km up from the
surface, observations often show a weakly stratified
(or neutral) layer at the surface capped at an elevation of
2–4 km by a strongly stable layer whose thickness seldom exceeds 1 km and is sometimes no thicker than
250 m. Moreover, in contrast to the unsheared upstream
winds in profiles 1 and 2, real-world trapped lee waves
are usually associated with large increases with height in
the cross-mountain wind component that significantly
reduce the value of N/U and thereby promote trapping.
To assess the actual importance of stratospheric leakage
in typical atmospheric cases we must look at more realistic profiles.
Profile 3 is more representative of actual trappedwave events. As indicated by the plots of U(z) and N(z)
in Fig. 8a, the cross-mountain wind speed increases from
10 to 35 m s21 across the troposphere and remains constant in the stratosphere; in addition, N 5 0.003 s21 between the surface and 3 km, N 5 0.025 s21 in an
inversion between 3.0 and 3.3 km, and N 5 0.01 s21
through the remainder of the troposphere. The influence
of tropopause height on two leaky profile-3 modes is
compared for the case Ns 5 0.02 s21 in Figs. 8b,c. As hs
increases from 8.5 to 10 km, the resonant wavelength

5
We also do not plot converged but untrapped solutions for
kr , ls, partly for clarity and partly because some of these were
very strongly damped and appeared to be on a different branch
of solutions.
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FIG. 8. As in Fig. 2 for profile 3, except both cases have a stratosphere with Ns 5 0.02 s21 at a height of (b) 8.5 and (c) 10 km. The dashed
lines in (a) plot properties for the 10-km case; the thin dashed lines in (b) and (c) indicate the locations of the inversion and the tropopause.

decreases from 17.0 to 14.5 km and the fraction of the
wave amplitude entering the stratosphere is almost
halved.
Cross sections of w are plotted in Fig. 9 for four
profile-3 modes with different combinations of Ns and
hs. When there is no increase in static stability above the
troposphere (Fig. 9a), the waves are completely trapped
and lx 5 16.4 km. The remaining panels show the influence of tropopause height when Ns 5 0.02 s21. In
Fig. 9b, hs 5 8.5 km (the same case as in Fig. 8b) and the
solution decays rapidly downstream. Coupled with this
rapid downstream decay is a strong increase in the wave
amplitude with height at a constant value of x. Increasing hs to 9 km (Fig. 9c) reduces the rate of downstream decay, but even in this case the strength of the
updraft feeding the third lee wave is reduced by more
than 50%, which, if appropriate humidity values were
present, could easily be enough to prevent visible wavecloud formation. Not surprisingly, increasing hs to 10 km
(Fig. 9d, also the case in Fig. 8c) further reduces the
downstream decay.
The downstream damping per wavelength for profile3 modes is plotted as a function of Ns in Fig. 10a for
several values of hs. The curves for Dl are similar to
those for profile 2 in Fig. 7a, although the numerical
values are considerably different. Here the value of Ns
for which leaky modes decay most rapidly is much closer

to the typical lower-stratospheric stability of Ns 5
0.02 s21 and the decay rates are larger (cf. the values for
hs 5 8.5 km). Figure 10b shows the influence of Ns and hs
on the horizontal wavelength. The shortest lx occur near
the value for which ls 5 k (indicated by the dashed line),
which is similar to the behavior for profile 2 (Fig. 5b);
but, in contrast to the situation for profile 2, there is also
a clear tendency for increases in hs to decrease lx over
the full range of Ns.
Because the elevated stable layer plays a key role in
supporting actual trapped lee waves, let us consider the
sensitivity of the solution to changes in the thickness of
this layer in the context of the overall profile-3 sounding
with Ns 5 0.02 s21 and hs 5 10 km. The elevation of the
bottom of the stable layer is held constant at 3.0 km.
First consider thickness changes in which the static stability within the inversion is held constant. As shown by
the blue curves in Fig. 11, as the layer thickness increases
both Dl and lx decrease. If the layer becomes thicker
than about 550 m, the wave becomes completely trapped. In the real world, however, increases in the thickness of an elevated stable layer are often accompanied
by reductions in the value of N within the layer. The
green lines in Fig. 11 show the influence of changes in
stable layer thickness when the total potential temperature change across the layer Dui is held constant. In
contrast to the case with fixed N, as the thickness of the
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FIG. 9. As in Fig. 5, but for profile 3. The tropopause height and static stability are varied such that Ns 5 (a) 0.01
and (b)–(d) 0.02 s21, and hs 5 (a),(b) 8.5, (c) 9, and (d) 10 km. Thin dashed gray lines indicate the top and bottom of
the inversion and the tropopause.

constant-Dui stable layer increases, both Dl and lx
increase.
Now consider the influence of changes in the height
of the inversion hi (measured between the ground and
the top of the layer). Our focus is again on profile 3, with
Ns 5 0.02 s21 and hs 5 10 km. We examine a pair of
inversions having the same Dui such that N 5 0.025 s21 in
the thinner 300-m-thick inversion. As shown in Fig. 12,
both Dl and lx increase as the elevation of the inversion
rises. Qualitatively similar results are obtained for both
thin (300 m) and thick (1000 m) inversions, and the
variation in the damping over the range 2 # hi # 6 km is
extreme, ranging from less than 10% per wavelength at
hi 5 2 km to 90% when hi 5 6 km. The horizontal
wavelength approximately doubles over the same range
of hi, from 12 to 25 km in the 300-m-thick case.

5. Stratospheric wind shear
Profile 3 differs from actual atmospheric soundings in
that the stratospheric winds are constant with height and
equal to the maximum tropospheric wind speed. In reality, the stratospheric winds decrease rapidly with

height above the jet core. We therefore consider profile
4, which is identical to the family of profile-3 soundings
except that reverse wind shear is added in the lower
stratosphere such that the 35 m s21 jet maximum is
maintained through a 1-km-deep layer and then topped
by a 2.5-km layer throughout which the wind speed
linearly decreases to 10 m s21. The resulting sounding is
indicated by the dashed lines in Fig. 13a.
The influence of reversed stratospheric shear on
the vertical structure of leaky trapped modes is compared in Figs. 13b,c. The reduction in U to a constant
value of 10 m s21 dramatically reduces the vertical
wavelength in the top of the domain. The shear layer also
creates partial reflections into downward-propagating
modes that can produce complex wave structures such as
the secondary extrema in w apparent at z 5 10 km in
Fig. 14a. Nevertheless, such pronounced secondary extrema are not typically present. If, for example, the
tropopause is raised from 8.0 to 10.0 km while holding all
other parameters constant, the secondary extrema in the
shear layer are far less obvious (Fig. 14b).
At least for modes similar to those supported by
profiles 3 and 4, the reversed shear above the jet core
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FIG. 10. As in Fig. 7, but for profile 3.

appears to exert only a modest influence on the downstream decay and horizontal wavelength of leaky trapped
waves. This is demonstrated in Fig. 15, in which Dl and lx
are plotted as a function of the height of the tropopause
(with the 2.5-km-deep reversed shear layer beginning
1 km above the tropopause).6 When the tropopause is
low (near 8 km), stratospheric shear increases lx by
roughly 5% while decreasing Dl by about 10%, but
these differences almost vanish for tropopause heights
above 10 km.

6. Higher-order modes
None of the modes considered so far include nodal
lines, which occur in higher-order trapped modes. In
two-layer atmospheres with constant Scorer parameters

6
Recall that Dl and lx are much more sensitive to hs than Ns
(Fig. 10).

FIG. 11. Influence of the thickness of the elevated stable layer in
profile 3 on (a) downstream decay per wavelength and (b) resonant
wavelength. Blue curves are for fixed N within the stable layer;
green curves are for fixed Du across the layer.

ll and lu in the lower and upper layers respectively, the
condition for the existence of M trapped modes is


(2M 1 1)p
2H



2
# ll2 2 lu2 #

(2M 2 1)p
2H

2
,

where H is the depth of the lower layer (Queney et al.
1960). We are not aware of any definitive atmospheric
observations of higher-order lee-wave modes similar to
those supported by the two-layer model. This is probably because the atmospheric structures capable of supporting such modes almost never occur. For example,
the M 5 2 mode is supported by profile 1 only if the
depth of the extremely stable lower layer exceeds
5.15 km, while for profile 2, it must exceed 6.14 km (and
these layers must occur in environments with 20–
25 m s21 horizontal winds). We were also unable to find
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evident is the rapid downstream decay when the
stratosphere is present.

7. Conclusions

FIG. 12. Influence of the height of the elevated stable layer in
profile 3 on (a) downstream decay per wavelength and (b) resonant
wavelength. Blue (green) curves are for a 300 (1000)-m thick inversion. Height is measured between the surface and the top of the
layer.

a variant of the more realistic profile 3 that could support an M 5 2-type mode without relying on an unrealistically deep elevated inversion.
Nevertheless, one additional factor that may reduce
the chances of observing M 5 2 modes is that for a given
environmental profile, they have longer horizontal
wavelengths than the M 5 1 modes and thus tend to leak
energy more rapidly into the stratosphere. An example
is shown in Fig. 16, which shows environmental profiles
for two cases similar to those in Fig. 3, except that the
lowest layer is 6.5 km deep and the M 5 2 modal structure is plotted in Figs. 16b,c. When a stratosphere is
present (with hs 5 10 km and Ns 5 0.02 s21), the wavelength increases substantially and there is significant
leakage into the stratosphere. Vertical cross sections of
w are shown for this same case in Fig. 17. The nodal line
is clearly visible at an elevation of about 4 km. Also

We have considered the structure of trapped lee-wave
modes that leak energy upward through a layer representative of the stratosphere. We obtained the counterintuitive result that such modes grow with height in
the stratosphere. The physical reason for this growth is
that when trapped waves that decay downstream impinge on the tropopause, the wave packets launched
nearest the source contain larger-amplitude waves, and
as they propagate upward and downstream parallel to
the group velocity vector, they wind up above packets of
weaker waves that enter the stratosphere farther
downstream (see the schematic in Fig. 1). Nevertheless,
the wave amplitude in the decaying trapped wave train
drops to zero above some threshold roughly determined
by a line parallel to the group velocity passing through
the top of the source region. Confirmation that these
modes are physically realizable comes from comparisons with steady-state solutions computed beginning
with an initially horizontal flow using a time-dependent
numerical model of the Boussinesq governing equations. Our modes are in good quantitative agreement
with these steady-state numerical solutions (Fig. 6).
The most fundamental behavior common to all the
cases we tested is that the rate of leakage into the
stratosphere increases as a larger fraction of the maximum low-level wave amplitude penetrates upward to
the tropopause. All other factors being equal, the
downstream dissipation of trapped waves is reduced as
the height of the tropopause increases because there is
a deeper layer throughout which the partially trapped
mode will decay before upward propagation begins. Our
results show the rate of downstream decay is much more
sensitive to tropopause height than to the stratospheric
values of N/U provided those N/U are at least a little
larger than the minimum value required to support upward propagation.
Lee waves with short horizontal wavelengths tend to
experience less leakage than longer wavelength modes.
This is primarily because the vertical scale height over
which short waves decay tends to be shorter than that for
longer waves. If N and U are constant in the upper troposphere, (6) gives the e-folding scale for such decay as
"

2p
lx

#21/2

2
2l

2

,

which decreases as lx decreases. Short horizontal
wavelengths also make it more likely that the mode can
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FIG. 13. As in Fig. 8, except Ns 5 0.02 s21 with (b) hs 5 8 km, and (c) there is profile-4 reverse shear in the lower stratosphere. The top
and bottom of the shear layer is indicated by the uppermost pair of thin dashed lines in (c) and the wind speed in that layer is plotted as
a function of height by the black dashed line in (a).

be completely trapped, which will be the case if lx ,
2p/ltop, where ltop is the Scorer parameter in top
stratospheric layer where N and U are uniform.
The rate at which a lee-wave train damps downstream
due to stratospheric leakage is highly dependent on the
details of the atmospheric structure. Profile 3, which is
representative of the actual atmospheric structures that
trap lee waves (including an elevated inversion and

tropospheric wind shear) supports waves with lx ’
16 km that undergo strong downstream leakage when
the tropopause height is 8.5 km and more moderate
leakage when hs increases to 10 km. Adding a layer of
realistic reversed shear in the lower stratosphere has
little impact on the behavior of profile-3 modes. Two
other simple constant-U profiles in which a stratosphere
is added to two-layer tropospheric structures where N is

FIG. 14. Contours of w in a vertical cross section for modes supported by profile 4 with hs at (a) 8 and (b) 10 km.
Contours have an interval of 0.1; thin dashed gray lines indicate, in ascending order, the locations of the inversion,
the tropopause, and the stratospheric layer of reversed shear.
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APPENDIX
The Numerical Algorithm
Equation (3) is a boundary value problem in which
the horizontal wavenumbers k are the eigenvalues and
^
the w(z)
are eigenfunctions. This problem requires the
specification of two boundary conditions. At the surface
downstream of the mountain, the lower boundary con^ 5 0. At the top of the domain, assuming
dition is w(0)
kr . 0, we apply

^ 
dw
^ top ) 5 0,
2 imtop w(z
(A1)
dz z
top

FIG. 15. Influence of stratospheric reversed shear on (a) Dl and
(b) lx as a function of tropopause height hs. Green (blue) lines plot
the results with (without) reversed shear.

constant within each layer were also considered, although neither profile is a very good representation of
actual atmospheric conditions. Profile 1, with lx ’ 9 km,
is almost unaffected by the presence of the stratosphere,
whereas profile 2, with lx ’ 21 km, does experience
significant leakage.
Other processes, such as boundary layer dissipation or
the lateral dispersion of energy from a three-dimensional
ridge of limited length, can also be responsible for the
downstream decay of trapped mountain lee waves. Indeed, profile 1 was used by Jiang et al. (2006) to study the
dissipation of lee waves by boundary layer processes. In
Part II, we examine the relative importance of boundary
layer processes and stratospheric leakage in the dissipation of trapped mountain lee waves.
Acknowledgments. The manuscript benefited from
comments by two anonymous reviewers. This research

2
where mtop 5 (ltop
2 k2 )1/2 and the positive square root is
selected as per the discussion in section 2. Here the
subscript ‘‘top’’ denotes values at the top of the numerical domain. Our formulation assumes N and U are
uniform through the topmost layer. The condition (A1)
fails for k 5 ltop, for which the resulting eigenfunctions
are linear in z throughout the top layer. We do not
^ 5 0 in the top
consider these modes, which require w(z)
layer for the solution to remain bounded with height.
The specification of (A1) makes the discretized
boundary value problem implicit. We solve it using an
algorithm with two conceptual steps. First, given an arbitrary value of k (not necessarily an eigenvalue), we find
separate solutions within upper and lower subdomains,
each of which satisfies all appropriate boundary and
^
matching conditions except that for dw/dz
at the boundary
between the two subdomains. Then k is iteratively adjusted using a shooting technique to converge to the true
eigenvalue that satisfies the correct matching condition on
^
dw/dz.
The details of these two parts of the algorithm are
described below. A set of MATLAB functions that implement this method will be made available at http://www.
atmos.washington.edu/;bloss/TrappedWavesMATLAB
after the publication of this paper.

a. Solution for arbitrary k within each subdomain
Although our method is fully applicable to profiles
with smooth variations in the Scorer parameter, in this
paper, we only consider vertical profiles of stability N(z)
that are piecewise constant and wind profiles U(z) that
are piecewise linear. Because the Scorer parameter l(z)
is singular at jumps in dU/dz, the domain is decomposed
into layers Hi , z , Hi11 for i 5 0, . . . , N 2 1 with the
surface at z 5 H0 and the top of the domain at z 5 HN
(generally 20 km in the present work). Within each
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FIG. 16. Vertical structures for the same case shown in Fig. 3, except these are M 5 2 modes and the lowest layer is 6.5 km deep.

layer, (3) is discretized using a Chebyshev collocation
technique (Trefethen 2000). The top and lower boundaries and the interfaces between layers (i.e., z 5 Hi for
i 5 0, . . . , N) are included in the discretization, but the
governing equation (3) is not enforced at those locations. Rather, the boundary conditions are enforced at
the surface and the top of the domain, and matching
conditions are applied at the interface between the internal layers. The kinematic matching condition re^ to be continuous across the interface. The
quires w

dynamic boundary condition requires pressure to be
continuous across the interface, which, using the linearized horizontal momentum and the continuity equations, yields the condition
1
1

2



^ 2
1 dU 
2 dw
2 dU 
^
^
1w
5 2U
1w
;
2U
dz 
dz 
dz 
dz 
^
1 dw

(A2)

here the superscripts 1 and 2 represent the values just
^
above and below the interface. Using the continuity of w

FIG. 17. Contours of w in a vertical cross section for M 5 2 modes supported by the environmental profile plotted
in Fig. 16a: (a) without and (b) with a stratosphere. Contours have an interval of 0.1; thin dashed gray lines indicate
the top of the lower layer and, in (b), the tropopause.
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across the interface and assuming U is also continuous,
(A2) reduces to


 
 1
^ 1 dw
^ 2
^
dw
dU 
dU 2 w
.
(A3)
2  5
2
dz 
dz
dz 
dz 
U
1
^
The derivative dw/dzj
is computed using the Chebyshev
differentiation matrix for the layer above the interface
^ only within that layer and
and depends on the values of w
2
^
is
at the interfaces above and below that layer; dw/dzj
computed similarly. The discretized version of (A3) is
enforced for z 5 Hi with i 5 1, . . . , N 2 1.
The system described above will only have solutions
for values of k which are eigenvalues of the full system.
In implementing a shooting technique, the matching
condition (A3) at the top of the lowest layer z 5 H1 is
not enforced, and solutions are found in the subdomains,
0 # z # H1 and H1 # z # HN, with the boundary con^ 5 H1 ) 5 1 enforced on both solutions. As the
dition w(z
^
amplitude of the eigenfunction w(z)
is arbitrary, the
only additional requirement imposed by this condition is
that H1 is not a node of the solution. This has not been
an issue in the present work, but, if there were a node at
this location, one could break the domain in another
location as necessary.

b. Shooting technique
Given an initial guess for k, solutions to (3) may be
found in the subdomains [0, H1] and [H1, HN], but, in
general, the matching condition (A3) will not be satisfied
at z 5 H1. The MATLAB function fminsearch is employed to minimize the residual of (A3) at z 5 H1. If the
residual is smaller than 1028, it is accepted as a valid solution. As an aid to obtaining a good initial guess for k, we
plotted the absolute value of the residual as a function of
k, both along the real axis and in the complex plane using
relatively coarse resolution. Initial guesses for k were
selected at points where the residual was small.
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