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Theory of the Optical Properties of Lake Ice

PETER C. MULLEN AND STEPHEN G. WARREN

Geophysics Program, University of Washington, Seattle

A radiative transfer model is developed to illustrate the processes which determine the spectral albedo
and transmission of lake ice. The calculated spectral albedo is dominated by specular reflection from the
ice surface in the near infrared, whereas multiple scattering by bubbles below the surface dominates the
visible albedo. Adding a snow cover to lake ice will normally increase the visible albedo, but may reduce
the albedo in some regions of the near infrared if the sun is low, by reducing the specular reflection. In a
preliminary test of the model, spectral albedo was measured on the natural ice cover of a frozen lake. The
measurements are explained using the radiative transfer model applied to the air bubble size distribution
measured in the same ice. The uncertainty in measurement of bubble size distribution leads to uncer-
tainty in the theoretical albedo which is much larger than the error due to approximations used in

derivation of the model.

1. INTRODUCTION

The reflection of sunlight from frozen lakes is largely con-
trolled by the number and sizes of air bubbles, especially in
the uppermost layers of the ice. In this paper we examine the
link between the ice microstructure and the radiative proper-
ties, which have in the past usually been studied in isolation.
The microstructure of lake ice, including porosity, crystal sizes
and orientations, and bubble shapes, has been the subject of
many studies. The only measurement of the spectral optical
properties of lake ice was that of Bolsenga [1983]; however,
the same principles apply to the optical properties of sea ice,
which has received more attention [Grenfell and Maykut,
1977; Grenfell and Perovich, 1984] because of its role in global
climate. We develop a model to explain the optical properties
of lake ice in terms of its microstructure. What the model
needs as input is the size distribution of air bubbles. We there-
fore also develop a method here for measuring that distri-
bution.

2. STRUCTURE OF LAKE ICE

Following the initial freezing of a lake surface, ice is added
to the bottom of the layer as heat is conducted upward
through the ice. Air dissolved in the water cannot be incorpor-
ated into the ice crystal lattice; it remains in solution in the
underlying water or, if the water is saturated with air, it ap-
pears as bubbles within the ice. The concentration of bubbles
is larger when the freezing proceeds rapidly [Gow and Lang-
ston, 1977, Figures 16 and 17] because the boundary layer of
water is then more readily saturated with air. However, the
bubble concentrations in “congelation ice” thus formed by
freezing at the bottom are generally quite small, so this ice is
relatively clear and is often called “black ice” in contrast to
the “white ice” or “snow-ice” which often subsequently forms
above it.

Snow falling onto lake ice often becomes incorporated into
the ice sheet by the invasion of liquid water into the air spaces
between snow grains (forming slush) and subsequent freezing
(forming snow-ice). As described by Ragle [1963] and Adams
[1981], when cracks develop in the ice by thermal stress the
water level rises in the cracks to its hydrostatic level which
may be above the ice surface if there is sufficient snow cover.
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The lake water floods the snow and incorporates nearly the
entire snow layer as slush, as explained by Knight [1987,
equations (1), (2), and (3)]. Water for the slush may also come
from rain or from snow melt. Snow-ice can also be formed in
the initial freezing event by snow falling into water at the
freezing point. Snow-ice has small crystals and numerous
spherical bubbles in dramatic contrast to the clearer, less
bubbly, congelation ice below it. Snow-ice occupied less than
half the total thickness of the ice, in the lakes studied by Gow
and Govoni [1983] in New Hampshire and Adams and Roulet
[1984] in Labrador.

Lake ice thus often consists of a very bubble “white” layer
of snow-ice underlain by a clear layer of black ice. Many
photographs of the surfaces of various ice types are given by
Wilson et al. [1954]. The top surface of the ice, even if it
consists of snow-ice, is usually flat enough to cause a specular
reflection, so we must account for this in the theoretical model
below.

In our modeling we treat the bubbles as spheres. The justi-
fication for this is as follows. Bubbles in snow-ice are generally
spherical, and since snow-ice is the top layer it normally con-
trols the albedo when it is present. In an environment of mini-
mal snowfall the lake surface may contain only congelation
ice, in which the bubbles form as vertical cylinders, sometimes
called “worm bubbles” [Swinzow, 1966]. However, these cylin-
ders metamorphose in time to strings of spheres [Gow and
Langston, 1977, Figure 15] especially when the ice approaches
0°C throughout. In very cold climates, where the cylinders
may retain their shapes, hoarfrost deposits on bubble walls
[Swinzow, 1966, p. 34] and completely dominates the scatter-
ing of light, so even in this case it would not be useful to
introduce the complexity of calculating the scattering by cylin-
ders. We therefore as a first step, treat only spherical bubbles
here. This is also appropriate for comparison with the field
experiment described below, which was performed on snow-
ice.

3. BUBBLE SIZE DISTRIBUTIONS IN NATURAL ICE

Size distributions of air bubbles in natural ice have rarely
been measured. Grenfell [1983] measured the bubble size dis-
tribution in a sample of sea ice, which followed a power law:
the number density n(r) was proportional to r~ 24, for radii r
between 0.1 and 2.0 mm, and no bubbles were observed out-
side this range. Grenfell’s Figure 3 shows that his distribution
was similar to that measured by Gavrilo and Gaitskhoki
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Fig. 1. Solid curves: single-scattering asymmetry factor as a func-
tion of wavelength for air bubbles of three different radii r, computed
using Mie theory. The refractive index of the medium was assumed to
be just the real part of the refractive index of ice; the imaginary part
was set to zero. Dashed curve: approximate asymmetry factor g(1)
used in multiple-scattering calculations.

[1970], who did not specify whether they were studying lake
ice or sea ice. Gow and Langston [1977] examined bubbles in
ice from a pond and a lake in New Hampshire several times
during a winter. In one photomicrograph with a length scale,
bubbles can be seen whose radii range from 0.1 to 1.0 mm.
Their pictures illustrate the great variability of the sizes of
bubbles in natural lake ice.

Although the processes by which air bubbles form in ice
seem to be fairly well understood, the bubble size distributions
that actually occur in natural lake ice have not been studied.
We therefore use several different distributions in the model
calculations. '

4. SINGLE SCATTERING

4.1.

The single-scattering coefficients for a spherical particle
depend on the wavelength of light, the radius of the particle,
and the complex refractive index of the particle relative to that
of the medium. Normally these coefficients are calculated
using Mie theory. However, Mie theory may not be applicable
to the case of an air bubble in ice, since in an absorbing
medium the amount of light scattered by a single scatterer
depends on the distance from it. The effect of absorption in
the medium on scattering by the embedded particles has been
studied by Chylek [1977] and Bohren and Gilra [1979], but
only for the extinction efficiency. We need to develop approxi-
mations for both the scattering and absorption efficiencies,
and also the phase function. How much the Mie results are
modified by the introduction of absorption in the medium

Scattering in an Absorbing Medium

depends on the amount of absorption. In the visible spectrum,

ice is fairly transparent so the Mie results (assuming no ab-
sorption) for the scattering efficiency Q,,, and the scattering
phase function are probably quite accurate. (Marston et al.
[1982] have obtained good agreement with experiments of
single scattering by air bubbles in liquid water at visible wave-
lengths (where the refractive index is similar to that of ice),
completely ignoring the absorption by the medium.) At longer
wavelengths (beyond about 1.4 um), ice is more absorptive
and Mie results probably are not correct. At these wave-
lengths, however, most of the light is absorbed before it has a
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chance to be scattered so that the theoretical ice albedo turns
out not to be much affected by an incorrectly calculated scat-
tering coefficient. C. F. Bohren (personal communication,
1987) suggests the following criterion: Mie theory may be
validly used for absorbing media when k,_ ~'>» L__, where
L,., is the scattering mean free path.

'sca?

4.2. Optical Constants of Pure Ice

The complex index of refraction m of ice as a function of
wavelength A has been compiled by Warren [1984]; m is a
complex function, m(d) = m,(4) — im,, (1), where m,, is the
usual refractive index which determines the phase speed and
m;, is related to the absorption coefficient of ice k' as
ko€ = 4mm,, /A, where 4 is the wavelength in vacuum. The
reciprocal of the absorption coefficient is the average distance
a photon travels in pure bubble-free ice before being absorbed.
At A < 0.8 um, radiation can travel several meters before being
appreciably absorbed, while at 1 > 1.4 ym radiation is ab-
sorbed in less than a millimeter. The spectral variation of lake
ice albedo is due to the variation of k,, " with A.

43.

The scattering efficiency Q_, is the ratio of the scattering
cross section area of a particle to its geometric cross section
area. For particles much larger than the wavelength, Qe =
2.0 [van de Hulst, 1957, p. 107]. This value is used in all the
scattering calculations for bubbly ice, since the bubbles in the
measured ice sample had radii r > A. To argue for the plausi-
bility of this simplification, Mie calculations were done for air
bubbles in ice whose absorption was set to zero (m=m,).
These Q,, varied between 2.00 and 2.05. This variation affects
the spectral albedo of an ice layer by at most 0.005.

The scattering coefficient k, is the reciprocal of the average
distance a photon travels through the bubbly ice before it is
scattered. For a size distribution of scatterers n(r),

Scattering Coefficient

k., = J QO(r)nrzn(r) dr (1)
0

In our application, r is the radius of a bubble and n(r) is the
number of bubbles per unit volume per unit radius interval,
with units (length) ™4,

4.4. Asymmetry Factor

In the radiative transfer approximation we use below, it is
not necessary to know the complete scattering phase function;
only the asymmetry factor g is required, where g is the mean
value of the cosine of the scattering angle (e.g., g = 1 for for-
ward scattering and g = 0 for isotropic scattering). For large
bubbles, g approaches a limiting value which depends on
wavelength because m,, depends on wavelength.

To estimate an approximate value of g(4), Mie calculations
are done in Figure 1 for bubbles in “nonabsorbing” ice; i..,
only the real part of m(4) is used, on the assumption that g is
insensitive to negative m,, if |m,,| < m,_. In fact, the magnitude
of m,, necessary to affect g significantly is much larger for
negative m,, (absorbing medium, nonabsorbing particles) than
for positive m,, (absorbing particles). For absorbing particles,
values of m,, in the range 10™* to 1073 (ice at 1.5-2.5 ym
wavelength) can cause g to increase significantly [Wiscombe
and Warren, 1980, Figure 4]. However, this is due to attenu-
ation of the rays which enter the particle, so that diffraction
contributes relatively more than refraction to the phase func-
tion. An air bubble, by contrast, is essentially nonabsorbing at
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Fig. 2. (a) Absorption coefficient as a function of wavelength for
bubbly ice computed by two methods as described in the text for a
large volume fraction of air, V,, = 0.15. (b) Dotted curve: percent
difference between the two curves in Figure 2a expressed as (kg
— kg)/kg, where kg is k,,, from the method of Grenfell [1983] and k,

abs
is k,,, from (2) (Bohren’s method). Solid and dashed curves: percent

difference in k,, for smaller volume fractions of air.

all wavelengths, so the only way that an imaginary part of the
medium’s refractive index could affect g is by changing the
reflection coefficients and the angles of refraction, and this
effect should not become significant at the 1% level until
Im,,| = 0.01 m,,.

Figure 1 shows that for bubbles typical of lake ice (either
snow-ice or congelation ice) g does not vary much with bubble
size. In the model calculations below we therefore use a single
smooth curve for g (dashed curve in Figure 1), allowing g to
vary with wavelength but not with bubble size. This curve is
drawn to approximate the large particle limit of g, since the
effective radius for the size distributions we measure in lake ice
(section 8 below) is about 300 um. This approximation leads
to less than 0.01 error in g at all wavelengths, and about the
same error in albedo (judging from Figure 19 of Wiscombe and
Warren [1980], for g < 0.92), and saves considerable compu-
tation time.
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4.5.  Absorption Coefficient

Two techniques were tried for calculating the bubbly ice
absorption coefficient k. The first, which is used in our cal-
culations below, was suggested by Bohren [1983]; it assumes
that the absorption coefficient of the ice-air mixture is just
that of pure ice (k,,,*°) multiplied by the volume fraction of
ice in the sample (V,,,)

k = Vice kabs fee (2)

The second, from Grenfell [1983], is to treat the absorption
coefficient of bubbly ice as equal to the absorption coefficient
of pure ice plus a (negative) absorption coefficient due to the
air bubbles replacing some of the ice. Grenfell used Wi-
scombe’s [1979, 1980] Mie code to calculate this negative ab-
sorption coefficient. Mie theory is not known to be valid for
the case of negative imaginary index, but the numerical algo-
rithms in the computer code remain stable (W. J. Wiscombe,
personal communication, 1987). A negative absorption ef-
ficiency produces a negative absorption coefficient for bubbles,
which causes the absorption coefficient for bubbly ice to be
less than that of bubble-free ice, as it should be. Figure 2a
displays the results of calculating k,,, with these two different
techniques for ice containing 15% air by volume, in bubbles of
radius 0.3 mm. A large volume fraction of air was used here to
examine the differences between the two methods. This V, is
5 times as large as V,,, in the sample of snow-ice studied in our
experiment below, but is not much larger than V,, found by
Grenfell [1983] in sea ice.

The percentage difference between the two curves of Figure
2a is shown in Figure 2b, as well as the percentage difference
for ice with smaller amounts of air. The greatest difference is
at A = 2.0 um, where the absorption has a local maximum. At
this wavelength the method of Grenfell can lead to negative
k,, for V. greater than about 20%, which is obviously wrong,
so we prefer the simpler approximation of Bohren. For the
snow-ice studied in our experiment, with 3% air, the difference
in albedo obtained by using the two alternatives for k,,, is at
most 0.006.

abs

4.6. Extinction Coefficient and Single-Scattering Albedo
The extinction coefficient k,,,, where
kext = ksca + kabs (3)

is plotted in Figure 3 for several different bubble con-
centrations. At the short wavelengths, k., > k,,, so that vari-
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Fig. 4. Single-scattering coalbedo (1 — ¢3) as a function of wave-
length for bubbly ice for four different number densities of bubbles,
the same as used in Figure 3.

ations in bubble concentrations cause changes in extinction.
At the longer wavelengths, absorption is dominant so that
variations in the absorption coefficient with wavelength show
upin k.

The single-scattering albedo & is the probability that a
photon will survive an extinction event:

(Ii = ksca/kexr (4)

The single-scattering coalbedo (1 — @) is plotted in Figure 4.
The optical depth 7 is a dimensionless measure of the thick-
ness of the layer

T =zk

where z is the physical thickness of the layer; t varies with
wavelength because k., varies with wavelength.

5. MULTIPLE SCATTERING

An approximate solution to the radiative transfer equation
is used to account for both multiple scattering in the bubbly
ice and specular reflection due to the flat upper surface. Incor-
poration of the flat upper surface into the model was neces-
sary for the snow-ice of the experiment described below; it
might not be appropriate for very rough lake ice surfaces. For
scattering within the ice we use the delta-Eddington method
[Joseph et al., 1976; Wiscombe and Warren, 1980]. The delta
Eddington method was designed to make accurate yet rapid
calculations of radiation fluxes in media whose scattering
phase functions are highly peaked in the forward direction.
This situation applies when the particle size is much larger
than the wavelength, in particular for clouds and snow, as well
as for air bubbles in lake ice, at solar wavelengths. It is a
modification of Eddington’s approximation (essentially a two-
stream approximation) in conjunction with a truncation of the

forward peak of the single-scattering phase function. Photons_

which are only slightly deflected from the forward direction
are considered to be unscattered. The remaining altered phase
function is then much less asymmetric, and within the domain
of validity of Eddington’s approximation. The incorporation
of internal and external specular reflection at the upper ice
surface leads to what we call the “specular delta-Eddington™
method, as follows. (Reflection at the ice-water interface is
assumed negligible because ice and water have nearly identical
refractive indices at solar wavelengths.) This general approach
has been used before by Saunderson [1942], who used a two-
stream approximation for the medium below the interface,
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and in ocean optics, for example, by Tanaka and Nakajima
[1977], who used the doubling method for the scattering
medium.

The albedo a is the ratio of upward irradiance F*? to down-
ward irradiance F%"" just above the surface. We first consider
the case where F%"" is just a direct beam from the sun at
zenith angle 6, with cosine y,.

The upward irradiance is the sum of a number of compo-
nents

Fvp — Z Fiup
i

listed as follows.
1. External specular reflection (i = 1):
Flup = R‘Fdown

where R, is the external specular reflection coefficient (air to
ice).

2. Transmission into ice, scattering by bubbles and trans-
mission up out of the ice (i = 2):

F,*" = F**"1 — R)A(0,)1 — R;)

where R, is the internal reflection coefficient (ice to air) and
A(0,) is the multiple-scattering delta-Eddington albedo for a
direct beam at the angle 6, given by Snell’s law: sin 8,/sin
0, = m,(A).

3. Transmission into ice, scattering by bubbles, internal
reflection from the top surface back into the ice, ‘scattering
again by bubbles and transmission up out of the ice (i = 3):

Fy“P = Fé*"(1 — RA(6,)R,A,(1 — R,)

where A, is the multiple-scattering delta-Eddington albedo for
the field of internally reflected radiation. The internally reflect-
ed radiance has a strong angular dependence. This diffuse
reflection A, is calculated by numerically integrating over
angle the delta-Eddington albedo weighted by the internally
reflected radiation field.

4. The remaining terms (i = 4, 5 ---} contributing to F“»
are identical to F;"? but multiplied by higher powers of R,A4,,
corresponding to multiple reflections of radiation between the
scattering layer and the top surface. The albedo a = F*P/Fdown
is thus an infinite series

a=R; + (1 = R)AO X1 — R)[1 + R4, + (R, 4)* + -]
which can be summed as

(1 _ RI)A(el)(l — Rz)
(1 —R,4,)

a=R, + ®)
This is the albedo for a direct beam at 6,. In general, Fi*"
contains contributions from other parts of the sky in addition
to the solar beam; in that case the albedo from (5) is numeri-
cally integrated over 0.

6. BEHAVIOR OF THE MODEL

The addition of a flat surface on the top of a scattering layer
affects the total albedo a in three ways. First, the external
surface reflectance tends to increase the total albedo over what
it would be without the surface layer, but second, the internal
reflection directs radiation back down into the scattering layer
where it has another chance to be absorbed, tending to de-
crease the total albedo. The latter effect has little dependence
on the zenith angle of the incident radiation, but the former
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surface included). (a) Solar zenith angle = 60°. (b) Solar zenith
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effect has a strong zenith angle dependence, so that at small
zenith angles the albedo is reduced and at large zenith angles
it is increased, relative to the case with no surface layer. The
angle at which the two effects are equal depends on the
properties of the scattering layer and is discussed by Mullen
[1984]. A third effect that tends to reduce the total albedo is
the refraction of the direct beam to a smaller incident angle as
it enters the scattering layer, because the albedo of the scatter-
ing layer increases with angle of incidence. Figure 5 compares
the results of “specular” to standard delta-Eddington calcula-
tions. The somewhat surprising result is that addition of the
interface reduces the total albedo over a significant range of
ice thickness, generally for t > 1 at 8, = 60° and at T > 10 at
0, = 84.3°.

This is shown in another way in Figure 6, which shows the
albedo for isotropic incident radiance (the “diffuse albedo”) for
a semi-infinite scattering layer. The diffuse albedo is calculated
by integrating the direct beam albedo over angle. In this case,
if the delta-Eddington albedo is greater than about 0.1, addi-
tion of specular reflection reduces the total albedo.

The idea of using the delta-Eddington method for a scatter-
ing layer below a reflecting interface was criticized by Houf
and Incropera [1980], so we should explain why it has worked
successfully for us. In the cases which are of interest in lake ice
(no bottom reflection, optically thick, large single-scattering
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albedo) Houf and Incropera’s plots show that delta-Eddington
gave suspension plus bottom reflectances (i.e., not including
external reflection) closer to the more exact discrete ordinates
method than did the other rapid approximate methods they
tested. Their pessimism about the utility of the delta-
Eddington method thus does not find support in their figures
for the case of lake ice. Furthermore, the version of the delta-
Eddington method they chose to criticize has important defi-
ciences compared to the method we are using, because they
included the internal reflection at their air-water interface as a
boundary condition when deriving the delta-Eddington for-
mulas. As they noted, this technique “precludes accounting for
the concentration of the diffuse irradiation due to refraction at
the air-water interface.” It also cannot account for the redistri-
bution of the radiance field when it is internally reflected by
the interface. Both effects are included in the formulation we
use.

Our theory uses several approximations where more de-
tailed computations could be done. These approximations in-
clude the use of a constant value for Q, independent of wave-
length and bubble size, an asymmetry factor independent of
bubble size, the formula for the absorption coefficient of
bubbly ice, and the delta-Eddington approximation. The justi-
fication for each approximation is that the approximation in-
troduces less error into the calculations than does the uncer-
tainty in the measurement of air bubble size distribution,
which as we will see below is the major cause of uncertainty in
the albedo of natural ice.

7. SPECTRAL ALBEDO CALCULATIONS

7.1.

Here we show that for radiative purposes, any size distri-
bution of bubbles can be described by just two parameters.
Only one parameter, an effective radius, is normally needed
for clouds [ Hansen and Travis, 1974] or snow, where the same
particles are responsible for both scattering and absorption. In
lake ice, where scattering is by air but absorption is by ice,
two parameters are needed. An effective bubble concentration
n,,, and an effective bubble radius r,;, can be found that will
produce the same single-scattering quantities as any given dis-
tribution of spherical bubbles, provided that the bubbles are
all large compared to the wavelength. Since g is nearly inde-
pendent of particle size (Figure 1) and k,, is nearly indepen-

Bubble Size Distribution Parameterization
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Fig. 6. Albedo of semi-infinite layer for isotropic incidence as a
function of single-scattering coalbedo for four different values of
asymmetry factor g, including (solid curve) or excluding (dashed
curve) specular reflection at the upper surface.
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Fig. 7. Albedo, absorptance, and transmittance as functions of
wavelength for an ice layer of thickness 25 mm for four different
number densities of bubbles.

dent of particle size and number density, or air volume (for ait
fractions typical of lake ice; see discussion of Figure 2), it is
sufficient to find n,,, and r, s Such that k_, is the same as for
the actual distribution. The volume fraction of air is

* 4 4
V., = f = nrin(r) dr = - nreff3neff 6)
b 3 3
and the scattering coefficient for the size distribution, from (1),
setting Q... = 2, is
kyy = f 2nr?n(r) dr = 2nr,,n, ., 7
(1]

MULLEN AND WARREN: OPTICAL PROPERTIES OF LAKE ICE

Solving for n,, . and r, . gives

reff = 3Vair/2ksca

neff = (2ksm 3/7[)/(3 V;u'r)z

Since any size distribution of bubbles much larger than the
wavelength of light can thus be simply characterized by its
effective radius and concentration, we need show only calcula-
tions for ice with bubbles of uniform size. Since various com-
binations of n,,, and r,,, can give the same ice density, den-
sity is not useful as a predictor of optical properties.

7.2.  Sensitivity to Bubble Size and Concentration,
Ice Thickness, and Zenith Angle

We change these variables one at a time from a “standard”
case, which corresponds approximately to the ice layer studied
in the field experiment below, with r,.. = 0.3 mm, n, =03
mm ™3, 6, = 70°, and ice thickness z = 25 mm. Some figures
use 7., = 0.1 mm, which applies to the bubble size distri-
butions measured in the laboratory by Carte [1961] and Bari
and Hallett [1974] for freezing rates similar to those found in
lakes.

Figure 7a shows the albedo for various bubble con-
centrations, keeping ice thickness and r, sr fixed. The number
density n,;, is varied from the standard value (0.3 mm~3)
upward to 9 mm ™3, which results in albedo approaching that
of snow so would correspond to very bubbly snow-ice. We do
not vary n,., in Figure 7 to values lower than 0.3 mm™?
because at that concentration the albedo approaches that of
bubble-free ice. The corresponding scattering coefficients (as
well as those for other figures) are shown in Table 1; they are
independent of wavelength. At the longer wavelengths, the
reflection is essentially due to specular reflection from the sur-
face because any light that enters the ice is almost certain to
be absorbed. At shorter wavelengths the scattering of light by
bubbles raises the albedo over that due to specular reflection
alone. The peaks and valleys in the spectral albedo curve
correspond to minima and maxima, respectively, in the ab-
sorption coefficient of pure ice. More bubbles or larger bub-
bles cause the albedo to increase at all wavelengths because (1)
k.., increases, so @ increases, (2) optical thickness is greater,
and (3) k,,, is slightly smaller (but since the volume fraction of
ice is always close to unity, this last effect is normally insignifi-
cant compared with the other two). Figures 7b and 7c¢ show
the absorptance and transmittance of the ice; these figures will
be discussed below.

Figure 8 shows the effect of ice thickness. At A > 1.2 um the
albedo is just due to specular reflection and is independent of
thickness. The peak in albedo at 0.5 um is less sharp for thin
ice than for thick ice. In an infinitely thick layer of bubbly ice,
some photons follow a long path through the ice before they
reemerge at the top surface. With such a long path through
the ice, some photons are absorbed at all wavelengths, but
fewer where k,, is smallest, so the albedo has a peak at this
wavelength. In a thin ice layer (less than about 100 mm for the
bubble population of Figure 8) a photon is scattered only a
few times by bubbles inside the ice, and then exits the layer,
either through the top or the bottom. The total length of the
path followed by a photon in the ice is shorter than in the
infinite case, and there is a range of wavelengths for which
absorption by ice is small enough that photons will essentially
not be absorbed in the ice (as shown in Figure 7b and dis-
cussed in section 7.5 below), so the albedo is nearly constant
in this range of wavelengths. (This behavior is also seen for
thin snow in Figure 13 of Wiscombe and Warren [1980].) The
albedo peak would also be broadened in thick ice if n,,, were
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TABLE 1. Properties of Bubble Size Distributions Used in Calculations
Figure No. F o, MM Ny MM kiyrm ! Veir pgem 3
2 0.3 0.3 170 0.034 0.886
3,4,and 7 0.1 9.0 565 0.038 0.882
0.1 3.0 188 0.013 0.905
0.1 0.9 57 0.0038 0.913
0.1 0.3 19 0.0013 0.916
8,9, 11, and 12 0.3 0.3 170 0.034 0.886
10 0.07 21.0 647 0.03 0.89
0.2 0.9 226 0.03 0.89
0.7 0.02 62 0.03 0.89
15 and 16 0.3 0.54 305 0.06 0.861
0.33 0.24 164 0.036 0.884
Grenfell [1983] 1.28 0.008 82 0.07 0.852
Gavrilo and 1.28 0.014 144 0.12 0.804
Gaitskhoki
[1970]

Here, r,; is the effective radius of the bubble size distribution, n,is the effective number density
of bubbles, &, is the scattering coefficient of the bubbly ice, V., is the volume-fraction of air, and p

is the density of the bubbly ice.

so large that essentially all photons were scattered up out of
the ice with a very short total path length through the ice. The
albedo then would be very close to 1.0 for a range of wave-
lengths.

Figure 9 shows the effect of solar zenith angle on albedo.
Both the specular reflection and the delta-Eddington albedo
increase with zenith angle. These calculations are for a mono-
directional beam; the actual variation of albedo with sun
angle under natural illumination would be weaker than shown
here, because of diffuse light from Rayleigh scattering.

Figure 10 demonstrates that ice density (or porosity) is not
useful as a predictor of albedo. It shows how the albedo
changes if the bubble sizes change while fixing the total air
content. Ice with many small bubbles has higher albedo than
ice (of the same density) with a few large bubbles.

7.3. Sensitivity to Approximations Made in the Theory

Although all the albedo calculations used a scattering ef-
ficiency of 2.0, Mie calculations show that the scattering ef-
ficiency ranges between 2.00 and 2.05. The albedos calculated
using these two extreme values differ by less than 0.01. The
error in albedo due to the use of a parameterization for g
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Fig. 8. Effect of ice layer thickness z on spectral albedo of bubbly
ice.

(Figure 1) is also 0.01 or less, and the difference in albedo due
to the use of two alternative methods of computing k, is also
less than 0.01 (if ¥, < 0.03). Uncertainty in r,,,, which can
cover the range of sizes used in Figure 10, thus leads to greater
error in albedo than do the approximations for the single-
scattering quantities.

The error in albedo due to an approximate method for
multiple scattering is also small. The deita-Eddington method
is known to underestimate the albedo of a homogeneous layer
at large zenith angles [Joseph et al., 1976, Figure 3]. But
because specular reflection from the top of the flat ice surface
becomes very large as 68— 90°, little light enters the multiple-
scattering medium, so the scattering by bubbles (where delta-
Eddington is used) contributes only a small fraction of the
total albedo.

We do not invoke the presence of absorptive impurities in
the ice to explain its optical properties, as was necessary for
snow [Warren and Wiscombe, 1980]. Parts-per-million
amounts of impurities such as dust or soot can significantly
reduce the albedo of snow only in spectral regions where the
albedo of pure snow is greater than about 0.7. Such high
albedos are not normally encountered at any wavelength for
sea ice [Grenfell and Perovich, 1984, Figure 3] or lake ice
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Fig. 9. Effect of solar zenith angle 6, on spectral albedo of bubbly
ice.
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with three different bubble size distributions. All three ice layers have
the same volume fraction of air, so the number density of bubbles Nesr
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(Bolsenga [1983]; and final figure of this paper) unless they are
covered with snow, a case which is treated in the next section.
The model used in this paper may be compared with the
simpler theory used by Bohren [1983] to explain the colors of
frozen waterfalls. For Q,, and k,,, he used the same approxi-
mations we use (Q,,, = 2.0; kg, = V,_ k. "°); the principal dif-
ference is in the multiple-scattering theory. The radiative
transfer approximations of Bohren are valid only for visible
wavelengths, where k., » k,,, so to compare his results with
ours we instead use Bohren [1983, equation 6] for ¢ together
with Bohren [1987, equation 28] for albedo, which is not re-
stricted to visible wavelengths. In Figure 11 we compare our
results with those of the simpler theory for the case of iso-
tropic incidence on a semi-infinite layer (which Bohren’s (28)
assumes), using a reasonable bubble distribution (r.;r =03
mm; n,,. = 0.3 mm™3). Bohren’s albedo is close to the delta-
Eddington albedo without specular reflection. The simple
method based on Bohren’s equations is seen to be perfectly
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Fig. 11. Spectral albedo (for isotropic incidence) of semi-infinite
layer of bubbly ice computed using Bohrens [1987] method, com-
pared to results of delta-Eddington and specular delta-Eddington
methods. The specular delta-Eddington is the most accurate if the ice
has a flat upper surface.
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adequate for the case of no specular reflection (which might be
appropriate if the ice surface is very rough).

7.4. Snow-Covered Ice

Lake ice and sea ice are often covered by snow. We model
this as a multiple-layer system, and calculate the albedo for
isotropic incidence (the “diffuse albedo”). (The diffuse albedo
turns out empirically to be about the same as the albedo for a
direct beam at 6, = 62°.) First the diffusive albedo of the ice
layer is calculated, to be used as a lower boundary condition
for the calculation of the snow albedo. The snow albedo is
then calculated by the method of Wiscombe and Warren
{1980] for different thicknesses s of snow. Figure 12 shows
that a small amount of snow dramatically increases the albedo
of the snow/ice system at most wavelengths. Only near 1.5 and
2.0 um does the snow actually cause the albedo of the system
to decrease. At these wavelengths, the absorption in the snow
is very strong and little light is scattered out, but there is still
reflection from the flat surface of the ice. We know of no
observations to date which have confirmed this. Albedos of
sea ice measured by Grenfell and Perovich [1984] were no
larger than those of snow at 1.5 and 2.0 pm; however, errors
in albedo are large at these wavelengths because there is little
solar energy flux.

7.5.

Figures 7b and 7¢ show the absorptance and transmittance
of ice with different bubble concentrations; the sum of the
three values in the three parts of Figure 7 add to 1.0 at each
wavelength. These calculations were done using the same prin-
ciples described above. From the Eddington approximation, a
formula for absorption can be obtained [Irvine, 1975]. The
delta function modification is applied following Joseph et al.
[1976]. Finally, the multiple reflection technique described
above is used to obtain the absorptance of a layer of lake ice.
Figure 7b shows that the total absorption in ice of 25 mm
thickness is sensitive to the bubble concentration only be-
tween 0.8 and 1.4 um wavelength. At longer wavelengths, all
the light that enters the ice is absorbed, and in the visible none
is absorbed; it is either transmitted or reflected. Of course, if
the ice were very thick, then there would be no transmission at
any wavelength and the absorption plus the albedo would add
to 1.0. At longer wavelengths there is no transmission and
almost no scattering by bubbles, so the absorptance plus the
surface reflectance add essentially to 1.0.

Absorption of Light in the Ice
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8. EXPERIMENT

Two measurements were made of the spectral albedo of ice
on Moses Lake in central Washington State (47°N, 119°W) in
1984 and 1985. The lake’s dimensions are about 10 km east-
west and 15 km north-south. The experiment was done on a
narrow arm extending from the northern end of the lake. Sam-
ples of the ice were brought to a cold room for measurement
of bubble sizes. Ice on this and nearby lakes is usually covered
with snow; the snow-free ice studied here had actually been
artificially cleared of snow. Only the 1984 experiment is dis-
cussed here because the ice from the 1985 experiment was lost
due to a refrigeration failure before the bubble sizes were mea-
sured.

8.1.

The photometer used for the radiation measurements
[Grenfell, 1981] is capable of measuring irradiance in narrow
spectral intervals (resolution 20-100 nm) from 0.4 to 2.5 um,
using interference filters. It measures the radiation flux from a
hemisphere, employing a “cosine collector” to properly weight
the radiance from all angles. It can be easily flipped over to
measure incident and reflected radiation fluxes alternately. A
correction for shadowing of the ice by the instrument is about
1% for diffuse incidence and much less for direct beam inci-
dence. The solar zenith angle was calculated by the method of
Walraven [1978] with the corrections of Wilkinson [1981]; it
varied between 69 and 75 degrees during the course of the
experiment on January 17, 1984.

Radiation Measurements

8.2. Measurement of Bubbles

A coring drill was used to obtain samples of the ice directly
below the photometer after the radiation measurements had
been made on Moses Lake. The top layer was 25 mm of
snow-ice with numerous spherical bubbles, which was under-
lain by 200 mm of relatively bubble-free ice. The ice cores
were 100 mm in diameter and 100-150 mm long. The bubbles
seemed to be distributed uniformly throughout the top layer;
there were no obvious internal layers or inhomogeneities.

The bubble size distribution was measured by taking photo-
micrographs (e.g., Figure 13) of vertical thin sections of the ice
sample (~ 1 mm thick) and then measuring the diameter of the
bubbles with the photomicrographs projected onto a digitiz-
ing table. This technique just gives a measure of the area
density of bubbles in the ice because it is only a two-
dimensional image. The area density was converted to a
volume density by assuming that only the bubbles which ap-
peared in focus were counted. Bubbles would appear to be in
focus if they were located within a small definite distance of
the plane of focus. The thickness of this “in-focus layer” was
determined experimentally by moving the microscope up and
down and measuring the difference in height of the microscope
between when a bubble came into focus and when it went out
of focus. The decision as to whether a bubble appears in 6
out of focus in a photomicrograph is subjective, so the focus
calibration and the bubble measurements were both done by
the same person. Figure 14 shows that larger bubbles ap-
peared in focus over a larger distance than did smaller bub-
bles. The data points are bracketed by the upper and lower
lines, referred to as thick- and thin-focus calibrations, which
are used later to obtain two extreme estimates of the bubble
size distribution which should bracket the true distribution.

The diameter of each bubble examined was calculated from
the digitized data. The size distribution was determined by
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dividing the bubbles into 18 bins according to size (18 bins is
sufficient to describe the size distribution; subdivision into
more bins would lead to larger statistical errors in dN/d log r
because of smaller counts in each bin) and dividing the
number of bubbles in a bin by the width of the bin and the
volume in which the bubbles had been found. The two distri-
butions obtained, corresponding to the thick- and thin-focus
calibration, are shown in Figure 14. Each data point is from
the count in a size bin. The width of the point indicates the
width of the size bin and the height indicates the uncertainty
in the count (the square root of the count). This figure shows
that the uncertainty associated with the counting process is
less than the uncertainty associated with the “focus thickness”
calibration.

The bubbles ranged from 0.007 to 0.8 mm radius with the
peak of the distribution at 0.06 mm. The limit of the resolving
power of the counting technique is about 0.007 mm. However,
the trend in the distribution curve in Figure 14 indicates that
smaller bubbles would be few in number. A large number of
bubbles too small to count would still scatter light and cause
the ice to appear cloudy under the microscope. Since the in-
terbubble ice appeared clear under the microscope, we know
that the smallest bubbles that are important scatterers were
counted. There were also a few larger bubbles up to several
mm radius that could be seen in the ice without a microscope,
but they never happened to be in the photomicrographs. The
parameters which result from these size distributions are sum-
marized in Table 1 under the entry for Figures 15 and 16.

8.3. Comparison of Theory and Experiment

During the 2-hour period during which the field measure-
ments were taken, the solar zenith angle was changing. The
sun angle at the time of measurement of a particular wave-
length was used in the albedo calculation for that wavelength,
plotted in Figure 16, so these curves differ from the theoretical
curves displayed earlier. The two curves in Figure 16 were
calculated using the bubble distributions from Figure 15. Un-
fortunately, the photometer’s wavelength determination
system began to fail at the end of the experiment so that the
wavelength for the reflected measurement was not exactly the
same as the wavelength for the incident measurement. This is
the cause of the scatter in the experiment data at wavelengths
less than 0.7 um. (Although albedo should be rather constant
from 0.4 to 0.7 um, the solar irradiance and the sensitivity of
the silicon photodiode are not constant with wavelength, so
accurate wavelength positioning is essential.) At visible wave-
lengths, the theoretical curves surround the data points even
with the scatter caused by the malfunctioning of the instru-
ment. At A > 1.4 um the measurements are very close to the
calculated values: here the albedo is just due to surface reflec-
tion so is the same for both bubble size distributions.

At 0.8-1.1 um the calculations overestimate albedo if we
assume the true bubble size distribution is intermediate be-
tween the “thick-focus” and “thin-focus” distributions. At
these wavelengths, light travels through ice on average a dis-
tance on the order of the thickness of the bubbly ice layer
before being absorbed. Therefore the albedo is most sensitive
to the bubble size distribution close to the top surface. The
discrepancy could therefore be resolved if above the bubbly
layer there were a layer of clear ice several mm thick, because
the albedo would be reduced in this spectral region but unaf-
fected in the visible region. However, visual inspection of the
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Fig. 13. Photograph of a vertical thin section of the top layer of ice from Moses Lake, January 17, 1984.

ice core did not show a clear layer or even a smaller bubble
density at the very top.

The discrepancy may be due to experimental error related
to the low sun, because the calibration for the cosine collector
varies rapidly with zenith angle when the sun is close to the
horizon. The cosine collector used here has been well cali-
brated only for A < 0.8 um. (This problem was avoided in the
1985 experiment by making measurements under diffuse light-
ing conditions where it is much less important to know the
cosine calibration, but as mentioned, the ice samples from that
experiment melted prematurely.) Furthermore, there is sub-

stantial diffuse radiation from the sky when the sun is low,
and its distribution was unknown; this is an additional source
of error in the modeling. We conclude that this experiment did
not identify flaws in the model.

9. CONCLUSION

Model calculations show that the spectral albedo of lake ice
depends on the bubble size distribution, the absorption coef-
ficient of ice, the solar zenith angle, and the thickness of the
bubbly layer. Ice density is not a useful predictor of the
albedo. The visible albedo is dominated by scattering of light
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focus thickness. In the measurement of size distribution, all bubbles
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ed by the focus thickness (from this figure) and the viewing area to
obtain the number density.

within the ice which is controlled by the number and size of
bubbles and how they are distributed with depth. The albedo
beyond 1 pm is dominated by reflection from the surface
which is controlled by the solar zenith angle.

The calculations show great sensitivity of visible albedos to
the size distribution of bubbles. Even the uncertainty in the
measurement of a bubble size distribution in the experiment
introduces an uncertainty of 0.1 in the calculated visible
albedo. Little work has been done on actually determining
bubble size distributions in natural lake ice and sea ice. Be-
cause of this sensitivity and uncertainty, it is probably not
useful to assume a standard bubble distribution when at-
tempting to calculate the climatological radiative properties of
lake ice or sea ice. It is also probably inappropriate to do
single-scattering calculations more accurately than with the
approximations used here when the subtle effects that these
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Fig. 15. Size distribution of bubbles in the ice on Moses Lake

whose spectral albedo was measured on January 17, 1984. The two
size distributions result from the two extreme assumptions of focus
thickness shown in Figure 14; the true distribution should be inter-
mediate between these two extremes. Vertical lines show the effective
radii for these distributions.
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Fig. 16. Comparison of measured and calculated albedo of ice on
Moses Lake, January 17, 1984, under clear sky. The two solid curves
are computed using the two bubble size distributions plotted in
Figure 15; they probably bracket the true size distribution. The solar
zenith angle varied between 68° and 75° as the wavelength setting was
changed during the experiment. The calculations at each wavelength
assume a direct beam at the zenith angle which occurred during the
measurement of that wavelength. The scatter at 4 < 0.7 um is due to a
failure of the wavelength determination system; reflected and incident
measurements were not necessarily at the same wavelength.

calculations predict will be masked by the uncertainty in the
bubble distribution. What is now needed are many measure-
ments of bubble size distributions in natural ice, and a few
experiments where both radiative properties and ice micro-
structure are measured.
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