
ATMS 533.  Problem Set 1  Tuesday 1 October 2013.  Due Tuesday 8 October. 

 

 

1.  Relative brightness of snow, Moon, and Sun 

 

(a)  (2 points)  Given that the total angular diameter of the Sun, as seen from Earth, is 32 

minutes of arc, calculate the total solid angle  occupied by the Sun in the sky, and the 

fraction f of the sky occupied by the Sun. 

 

(b)  (3 points)  Consider a horizontal snowfield on the Earth’s surface, with a flux-

reflectance (“albedo”) rsnow, illuminated by the Sun at zenith angle 60.  Assuming that 

the snow reflects radiation isotropically (and assuming no attenuation by the atmosphere), 

show that the brightness (equivalent to “intensity”, or “radiance”, units W m-2sr-1) of the 

snow, Isnow, relative to that of the Sun, Isun, is  

       /snow sun snowI I f r=    (1) 

 

(c)  (5 points)  Consider a full moon, full but not eclipsed.  Assuming that the Moon has 

uniform albedo rmoon, and that all parts of the lunar surface reflect isotropically, the 

reflected brightness will vary across the illuminated hemisphere of the Moon because the 

Moon is a curved surface, so that different zones on the Moon are illuminated at different 

zenith angles.  Assume that the Moon-Sun distance differs negligibly from the Earth-Sun 

distance, and that the lunar radius is much smaller than the Earth-Moon distance.  Show 

that the average brightness of the full moon, Imoon (averaged over the lunar disk, as seen 

from the Earth), relative to that of the Sun, is 
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moon sun moonI I f r=    (2) 

 

(d)  (2 points) Evaluate (1) and (2) to obtain the relative brightnesses of Sun, snow, and 

Moon, assuming that the snow and Moon have albedos 1.0 and 0.1 respectively.  

Compare your value of Imoon/Isun to the measured value 1/430,000, and give a possible 

reason for the difference. 

 

2.  Relative densities of molecules and photons (4 points) 

(a) For an overhead sun, the downward flux of solar energy onto the top of the atmosphere 

is 1370 W m-2 (the “solar constant”).  Assuming the Earth’s albedo is 0.3, and that the 

Earth is an isotropic ("Lambertian") reflector, compute the number-density of solar photons 

(photons/m3) in the upper atmosphere (i.e. above all scattering and absorbing layers), when 

the Sun is overhead.  Use the approximation that all solar photons are at the visible 

wavelength  = 500 nm (then you can just convert between energy density u, mean 

intensity I , and photon density).  Ignore the curvature of the Earth. 

 

(b) Find the height in the atmosphere where the number-density of molecules is the same as 

the number-density of solar photons.  Assume an isothermal atmosphere with temperature 

273 K.  Assume the atmospheric density  decreases exponentially with height z, as (z) = 

(0) exp(-z/H), with scale-height H=8 km. 





















ATMS 533.  Problem Set 2     Total 15 points. 

Tuesday 8 October 2013.  Due Tuesday 15 October.  

 

 

1.  Photons of solar radiation at a particular wavelength entering an infinitely-thick cloud will 

travel a variety of distances into the cloud before being extinguished (scattered or absorbed).  

We define the "mean free path" as the average of these distances.  Write an expression for the 

mean free path in units of optical depth.  Then evaluate this expression to find the numerical 

value of the mean free path (in optical depth units).  You may need the series expansion: 

 

ex = 1 + x + x2/2! + x3/3! + . . . . 

 

Hint:  To find the number of photons whose paths end in the interval  between i and  

i +  compute the number of initial photons that reach i and the number that reach i +  

 

 

 - - - continued over - - -  













ATMS 533.  Homework 3.   17 October 2013.   Due Thursday 24 October. 

 

A water-cloud of optical thickness *, positioned above a black surface, is illuminated 

from above.  Consider the mid-visible wavelength  = 550 nm, where liquid water is non-

absorbing.  The cloud droplets scatter light isotropically (these are very special droplets!)  

The source function S is therefore independent of (,).  To simplify the math in this 

problem we will assume S has the functional form S() = exp(-a) for all , where a is a 

constant.   

 

(a)  Integrate the source function over  to obtain expressions for the reflected intensity 

I+(0,) and transmitted intensity I-(*,). 

 

(b)  Plot the reflected and transmitted intensity as functions of  from  = 0° to  = 90° 

for three cloud thicknesses:  * = 0.1, 1, 5, using a = 0.4.  Explain the physical reasons for 

the shapes of the plots.  If you're curious, you're of course welcome to try other values of 

* and other values of a.   

 

[The transmitted intensity field will contain the attenuated direct beam from the Sun as a 

delta-function in the solar direction (o,o), and in all other directions will consist only of 

scattered photons.  You can omit the delta-function from your plots, and omit the incident 

flux at the top boundary from your derivation in part (a).]   





ATMS 533.  Problem Set 4.  20 points. 

Thursday 31 October 2013.  Due Thursday 7 November. 

 

Two-stream method. 
Assume isotropic scattering unless otherwise indicated. 

 

 

1.  (6 points) Assume isotropic downward radiation at the top of a layer, with incident 

flux Io; reflectivity of the lower boundary is zero. 

(a)  Plot albedo r at the top of the atmosphere (=0) as a function of total optical depth *  

from 0.01 to 100, for =1.0 (cloud at visible wavelengths) and also for =0.36 (smoke at 

visible wavelengths). 

(b)  For =1.0, plot I+/Io and I-/Io as functions of , for *=10 and *=2. 

(c)  For *=10 and =1, plot albedo as a function of . 

 

 

2.  (5 points)  

(a)  For <1, show that in the optically-thin limit (*<<1), the albedo at TOA is (1-g)*.   

(b)  Derive the same result for =1. 

(c)  Obtain this same result (albedo = (1-g)*) by arguing physically (not 

mathematically), without using a two-stream assumption.  

 

3.  (5 points) Although the two-stream approximation ignores variation of intensity with 

angle in order to obtain a solution to the radiative transfer equation, it is possible to obtain 

an estimate of the angular dependence of reflected and transmitted intensity by use of the 

source function (page 28 in the handout).  Assume isotropic conservative scattering.  

Assume the incident flux at the top is Io (isotropic) and the reflectivity of the lower 

boundary is zero, as in problem 1.  Obtain expressions for the intensity emerging at the top, 

I+(0,), and the bottom, I-(*,), for =1.0 and *=2, by integrating the source function 

over .  Plot I+() and I-(*)/Io versus .  Give a physical explanation for these results.   

 

 

4.  (4 points) Assume that 1.8x1014 grams of smoke are injected into the Earth's 

atmosphere and spread uniformly in a thin homogeneous layer over the entire northern 

hemisphere.  [This is the “Nuclear Winter” scenario.]  The mass extinction coefficient of 

the smoke is ke = 5.5 m2g-1 at visible wavelengths (0.5m).   

(a)  Find the total optical thickness * of the layer. 

(b)  The single-scattering albedo of the smoke is =0.36.  Assume that the smoke particles 

scatter light isotropically.  Sunlight is incident on the smoke layer from above.  Assuming the 

albedo of the Earth's surface is zero, compute the transmittance, absorptance, and reflectance 

of the smoke layer using the two-stream approximation.  Assume isotropic incidence from 

above.  Compare the reflectance you obtain to that given by your plot in Problem 1a.  













ATMS 533.  Problem Set 5.  Total 12 points. 

Thursday 7 November 2013.  Due Thursday 14 November. 

 

 

 

Enhancement of absorption due to scattering. 
 

 

Introduction: 

 

Use two-stream results for diffuse incidence to compute the solar heating rates for both 

clear and cloudy atmospheres, as follows.  The incident solar flux at TOA is Qocoso, 

where the solar constant is Qo=1370 W m-2 and o=60o.  The surface albedo is zero. 

 

Clear atmosphere.  Assume that the Earth's atmosphere contains no scatterers or absorbers 

above 2 km height.  Between z=0 and z=2 km there is still no scattering, but there is water 

vapor of uniform density.  The total precipitable water vapor is 3 g cm-2.  The broadband 

absorption coefficient of water vapor for solar radiation is ka=0.042 cm2g-1.   

 

Cloudy atmosphere.  The cloudy atmosphere is identical to the clear atmosphere except for 

the addition of a 1-km-thick cloud between zB and zT, where zB=1 km and zT=2 km.  The 

cloud has scattering coefficient s=10 km-1 and asymmetry factor g=0.85.  The cloud 

droplets are non-absorbing.  The water vapor content is the same as in the clear atmosphere.   

________________________________________________________________________ 

 

 

 

Problem: 

 

1. (4 points)  Obtain an expression for the divergence of net flux (dFnet/dz) in the two-

stream approximation   

(a) for the case of pure absorption, =0;  

(b) for the general case, 0<<1. 

 

2. (2 points)  What is the single-scattering albedo  

(a) in the clear air  

(b) in the cloud 

 

3. (4 points)  Calculate dFnet/dz (W m-3) as a function of height for both clear and cloudy 

atmospheres.  Convert to an approximate heating rate by approximating the atmospheric 

density as constant in the lowest 2 km, =1.135 kg m-3, and using the heat capacity of air 

as 1004 J kg-1deg-1.  Plot the instantaneous heating rate dT/dt in degrees per day, versus 

height for the clear and cloudy atmospheres. 

 

4. (2 points)  Give a physical explanation for the differences in the heating rate profiles. 











ATMS 533.  Problem Set 6.  

Thursday 14 November 2013.  Due Monday 25 November. 

 

Discrete Ordinates Method. 

 

 You will use the DISORT (DIScrete Ordinates Radiative Transfer) program to 

compute intensities in a water-cloud at wavelength 1.6 m, over a black surface.  The 

DISORT program is a package which is not to be modified.  It is called by a driver 

program written by Mike Town and maintained by Maria Zatko, which you can modify.  

The driver program specifies the inputs to DISORT.   

 The droplets are 10 m in radius.  A Mie-scattering calculation resulted in single-

scattering albedo =0.9934 and gave 48 phase-function moments, which are listed in the 

driver program.  [The first moment is the asymmetry parameter, g=0.85.]  Select the 

delta-M option. 

 For the standard problem, use a cloud optical depth *=20, with the Sun at o=60°, 

o=0°.  Compute upward intensity at cloud top, and downward intensity at cloud bottom 

vs. outgoing zenith angle  in the principal plane (the plane containing the surface normal 

and the Sun), in both forward and backward directions.  Also compute the azimuthally 

averaged intensity as a function of  (or ) at the top, bottom, and middle of the cloud.  

Run the program several times:  for 4, 8, 16, and 32 streams, and plot the results from all 

runs on the same graph.  The accuracy will improve as the number of streams increases. 

 Repeat for solar zenith angle o=78°  (o=0.2).  Discuss the results. 

 

 

 

 

Here are Maria's instructions: 

 

You can find everything you need for the DISORT Homework assignment here: 

 /home/disk/p/mzatko/ATMS533_DISORT 

 

Mike Town (one of Steve Warren's former grad students) wrote a driver that runs the 

DISORT radiative transfer code.  This way, DISORT is not altered during this 

assignment.  The driver (disortDriver.m) makes a tempInput.txt file that contains the 

variables you will specify as the driver runs.  The driver passes the tempInput.txt file to 

the atest.out executable. An ouput text file is then created (e.g. 

output4_20_09934_02.txt). The executable has been designed specifically for this 

homework assignment.  For your own reference, the DISORT code (code.F) has been 

included in this folder.  A helpful README written by Mike is also in the 

ATMS533_Disort folder. 

 

The driver must be run on Linux because the atest.out executable was piled on a Linux 

machine.  I successfully ran the driver using both the 2007 and 2013 versions of Matlab. 

 

Let me know if you have any questions! 

Maria <mzatko@uw.edu> 



ATMS 533.  Problem Set 7.  14 points total 

Monday 25 November 2013.  Due Monday 2 December.  

 

1.  Cloud albedo at visible wavelengths:  dependence on number of cloud-

condensation nuclei.  Use the two-stream approximation for albedo R of a conservative-

scattering layer for diffuse incidence (to mimic behavior for a solar zenith angle of 60o),  

  R = [(1-g)*] / [1 + (1-g)*], 

and the dependence of optical thickness on effective radius r and liquid water path W, 

  * = 3W / 2r,  

where we have assumed Qext=2.  For the following derivation assume a monodispersion, 

i.e. all droplets have the same radius r.  Assume that each cloud-condensation nucleus 

(CCN) grows to becomes a cloud droplet.  Let the number-density N of CCN vary while 

liquid water path is held constant.  Assume liquid water content is independent of height 

in the cloud. 

(a)  (4 points) Derive the sensitivity of albedo to fractional change in N; i.e. show that 

  dR/dlnN = R(1-R) / 3. 

(b) (2 points) For a 10% increase in cloud-condensation nuclei, plot the change in the 

cloud albedo R as a function of its initial albedo R. 

 

2.  (2 points) A stratus cloud, 1 km thick, consists only of water droplets all the same size, 

with radius r = 10 m.  The liquid water content of the cloud is L = 0.1 g m-3.  The 

droplets have Qext=2, single-scattering coalbedo (1-)=10-4 (typical of near-IR), and 

asymmetry factor g=0.85.  Compute the total optical thickness of the cloud *, and the 

delta-Eddington scaled optical thickness *
E. 

 

3. (2 points) A snowpack, only 1 cm thick, of density =0.4 g cm-3, consists only of ice 

spheres all the same size, with r = 100 m.  The ice spheres have Qext=2; (1-)=10-3 

(typical of near-IR) and g=0.89.  Compute * and *
E. 

 

4.  (4 points) Clouds and snow contain not only particles but also water vapor, which 

absorbs but does not scatter radiation.  Assume the relative humidity is 100% in the cloud 

and in the snow, both of which are at T=0oC.  Assume the mass absorption coefficient of 

pure water vapor is 0.5 cm2g-1 in the near-IR.  (a) Compute *, , and *
E for the stratus 

cloud in problem 2, including water-vapor absorption. 

(b) For the snowpack in problem 3, compute *, , and *
E, including water-vapor 

absorption. 
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